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Abstract

Wepresenta new fastapproach for surfacesegmentation
of thin structures,like vesselsandvasculartrees,basedon
FastMarching andLevel Setsmethods.FastMarching al-
lows segmentationof tubular structures in¤ating a “long
balloon” from a user given single point. However, when
thetubular shapeis ratherlong, thefront propagationmay
blowup throughtheboundaryof thedesiredshapecloseto
thestartingpoint. Our contribution is focusedon a wayto
go on front propagation only on the actually moving front
and freezingother points. We demonstrate the ability to
build a fastandaccuratesegmentationfor thosetubular and
treestructures.We alsodevelopa usefulstoppingcriterion
for the causal front propagation. We illustrate our algo-
rithmsbyapplicationson thesegmentationof vesselsin 3D
medicalimages.

1 Intr oduction

We areinterestedin this paperin segmentationof tubu-
lar surfacesfrom 3D images,motivated by medical ap-
plications like vesselsand vasculartree. Thesesurfaces
canthereforehave several branches.Much work hasbeen
doneon surfacesegmentationsincethe introductionof de-
formablemodels(seereferencesin [10]). Therecenttrend
of deformablesurfacesmakes useof Level Setsmethods
(for example[1]). A majordrawbackof level setsmethods
is their hugecomputationtime, even whenusinga narrow
band. FastMarching, introducedin [11], allows fast sur-
facesegmentationwhen the evolution is always outwards
like a balloon[2, 9]. UsingtheFast-Marchingalgorithmto
propagatea wave front insidea colon CT scanner, we can
extractthesurfaceof thecolon,startingfrom aninitial seed
point,usingtheFast-Marchingasaregion-growing method
[4]. Wehavedevelopedanalgorithmthatcanbethebasisof
this kind of tubular shapeextractionobject: a techniqueto
evolveafront insideanobjectof interestandcomputeatthe
sametime thegeodesicdistanceto thestartingpoint inside
theobject.Thisdistancecanbeusedto stopthefront propa-
gationinsidethedesiredobject.Theresultof this technique
is shown in £gure1. Top imageis the3D CT scanner, and
bottomimagesshow somestepsof thefront propagationin

the3D dataset.
However, classicalsegmentationproblemsdo not pro-

vide an excellentcontrastlike the air-£lled colon on a CT
scanner, andthepropagationcannotstickto theobjectwalls
for long andthin objects.We show in this article how the
FastMarchingsurfacesegmentation,which is not tunedfor
this kind of thin andlong objects,canbespeci£callyopti-
mizedfor this target.

2 Fast-Marching and SurfaceSegmentation

Consideringa 3D surface¡ moving underspeedF in
its normaldirection,in theLevel-Setsformulation,it is em-
beddedasthe zerolevel setof a function Á de£nedin the
3D imagespace.This leadsto evolutionequation

Át + F jr Áj = 0: (1)

In thecaseof ¡ moving with a speedF > 0, it leadsto a
new equationthatdeterminestheevolutionof thesurfaceor
arrival timeT(x), alsocalledaction(see[11] for details):

jr T j =
1
F

= P: (2)

ThisEikonal equation(2) hasbeenusedfor surfaceextrac-
tion in [9]. Discretizedwith anup-windscheme,it is then
solvedusingFast-Marching(table1), givenaninitial start-
ing pointp0. In practicethefront is propagateduntil a£xed
timeis reached.Figure1 showsiterationsof thisfront prop-
agation in a 3D imagewith potentialP de£nedin order
to segmentthe colon. Evolution is stoppedwhena given
geodesiclengthhasbeentraveledby thefront [4].

3 PropagationFreezingfor Thin Structur es

Freezinga voxel duringfront propagationis to consider
that it hasreachedtheboundaryof thestructure.Whenthe
front propagatesin athin structure,thereis only asmallpart
of the front, which we could call the “head” of the front,
that really moves. Most of the front is locatedcloseto the
boundaryof thestructureandmovesveryslowly. For exam-
plevoxelsthatarecloseto thestartingpoint,the“tail” of the
front, aremoving veryslowly. However, sincethestructure



Figure 1. Segmentingthe colon volume with sim-
ple fr ont propagation

Figure 2. 3D contrast enhancedMR imageof the
aorta and fr ont propagation

may be very long, in order for the “head” voxels to reach
the endof the structure,the “tail” voxels may ¤ow out of
theboundarysincetheir speedis alwayspositive, andinte-
gratedover a long time. This is illustratedin the example
of £gure2. If we applyfastmarchingin thedatasetshown
in £gure2-top,with apotentialbasedonthegraylevel with
contrastenhancement,thecorrespondingwavepropagation
lookslike £gure2-bottom.Thefront ¤oodsoutsidetheob-
jectanddoesnotgiveagoodsegmentation.

For thesereasons,it is of no useto make somevoxels
participatein thecomputationof thearrival time in Eikonal
equation. We thus set their speedto zero, which we call
Freezing. Firststepis to designtheappropriatecriterionfor
selectingvoxelsof thefront whichneedFreezing.

A syntheticexampleof a treestructureis shown in £g-
ure3. In thiscase,settinganinitial seedpointattheleft cor-
nerpoint,wewould like to extractin avery fastprocessthe
multiple branchesof the structures.Figure3-right shows
the resultof theclassicalfront propagation techniquewith
theFast-Marchingcoupledwith a maximumgeodesicpath

Algorithm for 3D FastMar ching

² De£nitions:
– Ali ve set: grid pointsat which thevaluesof T

havebeenreachedandwill notbechanged;
– Trial set: next grid points (6-connexity neigh-

bors)to beexamined.An estimateT of T has
beencomputedusing discretizedEquation(2)
from Ali ve pointsonly (i.e. from T );

– Far set:all othergrid points,thereis not yet an
estimatefor T ;

² Initialization:
– Ali ve set:startpointp0 , T (p0) = T (p0) = 0;
– Trial set: reducedto thesix neighborsp of p 0

with initial valueT(p) = ~P(p) (T (p) = 1 );
– Far set:all othergrid points,with T = T = 1 ;

² Loop:
– Let pmin betheTrial pointwith smallestT ;
– Move it from theTrial to theAli ve set;
– For eachneighborp of pmin :

¤ If p is Far , addit to theTrial set;
¤ If p is Trial , updateTp .

Table 1. Fast Marching algorithm

Figure 3. Synthetic testproblem

lengthstoppingcriterionof 300,computedaccordingto the
methoddescribedin [6]. TheactionmapT displayedindi-
catesclearly that thedomainvisited is a whole“blob-like”
structurewherethe underlyingtubular shapeis somehow
lost. It emphasizesthedrawbackof themethodin thiscase,
withoutaclearconstrainton thedomainof pointsvisited.

3.1 UsingWeightedDistancefor Freezing

The geodesicweighteddistanceinside the object be-
tweena point andthestartingpoint canbecomputedin the
fastmarchingprocesswithoutmuchextracostasshown for
adifferentapplicationin [6, 4]. This is theEuclideanlength
of theminimal path(accordingto P, see[3]) that joins the
points.It seems“natural” to usethisdistanceD(v) between
a voxel v and the startingpoint, or relatively to the most
far propagating part of the front, sincethis notion is com-
pletelyembeddedin thetopologyof theobjectwearetrying
to extract: thesectionof atube-shapedobjectmustbesmall
with respectto its length. We mustdiscriminatethepoints
of the front that are nearthe initializing seedpoint while
otherpartsof thefront arealreadyfar. It will prevent from
¤oodingin non-desiredareasof thedata.
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We can £x several criteria for the Freezingbasedon
thedistance.Knowing thecurrentmaximumgeodesicpath
lengthdmax in thefront propagationprocesswecandecide
that a voxel v of the propagating front (i.e. Trial voxels)
shouldberemovedfrom thefront (i.e. setasAli ve voxel):

² if D(v ) < dmax =®, with ® ¸ 1 user-de£ned;or

² if D(v ) < max (dmax ¡ ~d; 0), with ~d > 0 chosen.

Thegeodesicdistanceto thestartingpoint is a measure
which containsinformationaboutthegeometryof thesur-
faceextracted,andin particularits length.A 2D exampleon
thesynthetictestis shown in £gure4. Thedomainvisited
by our algorithmis slightly smallerthanwithout freezing
(£gure3-right) andthis domainshortenswith the distance
criterion,whenwe compareleft andmiddle imagesin £g-
ure 4 which areactionmapswith distancecriterion of re-
spectively 100and50. The£gure4-right is a zoomon the
freezingmapwhich clearlydemonstratesthat theFreezing
principlediscriminatesthepointslocatedfar from theprop-
agatingfronts(frozenpartsarerepresentedin white).

Figure 4. Distancecriterion for Freezing

3.2 Algorithm for the Freezing

At eachtimestepwe insertourvisitedpointsbothin the
classicalactionrelatedheap,andin anothermin-heapdata-
structurewheretheorderingkey is thedistanceto theseed
point, which meansthat theelementat the top of theheap
will still be the point that is the closestTrial point to the
startingpoint. At eachiteration,we areableto remove all
thepointswhosekeys arelower thanthis criterion,starting
from theminimumelementin thebinaryheap.

In the following is detailedanalgorithmicimplementa-
tion of theFreezingwith : Startingpoint p0 locatedat the
rootof thetreestructure;actionmapT , onemin-heapstruc-
tureH T anda penaltyimageP which will drive the front
propagation; distancemapD to computetheminimal path
Euclideanlength[6, 4]; min-heapdatastructureH D , where
the orderingkey for any point p is the value of D(p); a
counterdmax , distances~d, dstop .
Initialization

² settingT (p0) = D(p0) = 0 andstoringtheseedpoint p 0

in bothmin-heapstructuresH T andH D ;
² dmax = 0, ~d anddstop areuserde£ned.

Loop: ateachiteration
² Let pmin betheTrial pointwith thesmallestactionT ;

² Fast-Marchingalgorithm of Table 1, updatingmin-heaps
H T ; H D with thenew actionvaluesfor T ; D computed;

² takedmax = max (dmax ; D(pmin )) ;
² considerqmin , therootof H D .

While D(qmin ) < max (dmax ¡ ~d; 0) do
– setD(qmin ) = T (qmin ) = 1 ;
– setqmin in Ali ve setanddeleteit in bothH D andH T ;

² if dmax > dstop , exit theloop.

This heuristic is to discriminatethe partsof the front
thatarepropagatingslowly, by recordingthemaximumdis-
tancewhich hasbeentraveled,andcompareit to the dis-
tancewhichhasbeentraveledby theseparts.If theratiobe-
tweenthosetwo distancesis superiorto a given threshold,
we ”freeze” thosepartsby settingtherespeedarti£cially to
zero.It enablesto stayinsidetheobjectwhenit is longand
thin likea tubular structure,asshown in £gure4.

3.3 Illustration on VascularTreeSegmentation

Themethodexplainedpreviously is very usefulwhenit
is usedfor vascularsegmentation.Segmentationis there-
fore performedin a very fastmannerby just settinga seed
point at the top of the treehierarchy. Figure5 displaysre-
sultsof thismethodon threedifferentobjects.Figure5-left

Figure 5. Segmentationof several tubular objects
with the Freezingalgorithm

shows thenew resultobtainedon thedatasetof £gure2.
Thedistancethresholdis a parameterwhich is not very

sensitive: wegenerallytakeavaluerelatedto theapriori di-
mensionsof theobject. This thresholdmustbe larger than
theassumedmaximumsectionof theobject.It will approx-
imatelyrepresentthevolumeof pointsboundedby thecon-
nectedenvelopeof thefront voxelsthatarenot frozen.

3.4 Stoppingcriterion

Having designedan adequatecriterion for Freezingthe
unwantedpartsof the front that could lead to “¤ooding”
of the evolving wave in otherpartsof the image,we now
explainourstrategy to stopautomaticallythepropagation.

The Freezingprocesswill provide a criterion which is
independentof thenumberof differentbranchesto recover.
If we plot the maximumdistancedmax of section3.2, as
a functionof iterationswhile propagatingthefront, we ob-
serve the following pro£leshown in £gure6. We clearly
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seethat this distanceincreaseslinearly until a big decrease
of theslopeappears.It is importantto noticethatthisshock

Figure 6. Using Distance for Stopping propaga-
tion in the Aorta

indicateswhenthe front ¤ows out of theobjectat “heads”
of thefront. Wedecideto stopfront propagationat thispar-
ticular time. During the£rstpartof theplot, thefunctionis
quasi-linear. Theslopeis directly relatedto thesectionarea
of the tubular object. By de£nitionof FastMarching, the
numberof iterationsis equalto the numberof voxels that
arealive andcloseto the volumeof the region inside the
front. It meansthatpassingthrougha certainlengthin the
aortaimpliesto visit anumberof voxelsproportionalto the
length.This is thecasein generalfor tubular shapes.

Let usassumethattheglobalsectionof ouraortais con-
stant in our dataset. This is approximatelytrue in large
parts,butbecomesawrongassumptionin theverythinparts
of thevesselsandarteries.But wecanassumethatthefront
propagatesat thesamespeedinsidetheobject. Therefore,
the numberof voxels visited is proportionalto the section
area.Thentheslopecollapsecanbeeasilydetectedusinga
simplethresholdon theslope,dependingon theobjectwe
wantto extract.Evenif thereareaneurysmsin thedataset,
andevenif themeansectionof theobjectincreaseswith the
depth,we canassumethatwe do not wantto extractanob-
jectwhichis twicethemaximumsection.Wecouldthende-
riveacriterionon themaximumsectionof theobjectSmax

which gives a relatedvalueof minimal slope. Recording
the£rst iterationwheretheslopedecreases,it givesus the
maximumdistancewherewemuststoppropagation.

3.5 Discussion

What is the gain of our approach? Toward level-sets
implementationsof tubular shapeextraction,asin [12, 8],
solving theEikonalequationin o(n log(n)) is muchfaster

thanany time-dependentscheme,sincethis is the station-
arycaseof Hamilton-Jacobiequation(See[11] for details).
Thefreezingalgorithmreducesthenumberof pointsvisited
to asmallportionof theimage,leadingto accuratesegmen-
tationin 10seconds,for theMR datasetsshown in £gure2,
onacommercialcomputer.

3.6 Conclusion

Concerningtree tracking application, main improve-
mentsbroughtby this methodare to acceleratethe com-
putations,by visiting a very smallnumberof voxelsduring
propagation, andto segmentthin tubular structures,there-
foreenablingthecenteringof trajectoriesinsidethosetubu-
lar structures. Further work will concernthe extraction
of themultiple trajectories,togetherwith thesegmentation
step,in a single process,for visualizationand quanti£ca-
tion of pathologies.Thosetrajectoriescanbe the input to
anendoscopictool, asdonein [5].

References

[1] V. Caselles,R. Kimmel, G. Sapiro,and C. Sbert. Three
dimensionalobject modeling via minimal surfaces. In
ECCV96.

[2] L. Cohen.On active contourmodelsandballoons.CVGIP,
53(2):211–218,1991.

[3] L. CohenandR. Kimmel. Globalminimumfor active con-
tour models:A minimal pathapproach.InternationalJour-
nal of ComputerVision, 24(1):57–78,Aug. 1997.

[4] T. Deschamps.Curveand ShapeExtraction with Minimal
PathandLevel-Setstechniques- Applicationsto 3D Medical
Imaging. PhDthesis,University, 2001.

[5] T. DeschampsandL. Cohen. Minimal pathsin 3d images
andapplicationto virtual endoscopy. In ECCV00, Dublin,
June2000.

[6] T. Deschampsand L. Cohen. Fast extraction of minimal
pathsin 3D imagesandapplicationsto virtual endoscopy.
MedicalImageAnalysis, 5(4),December2001.

[7] T. DeschampsandL. D. Cohen.Groupingconnectedcom-
ponentsusingminimalpathtechniques.In CVPR01, Kauai,
Hawai, december2001.

[8] L. Lorigo,O.Faugeras,W. Grimson,R.Keriven,R.Kikinis,
A. Nabavi, andC. Westin.Curves:Curveevolution for ves-
sel segmentation. Medical Image Analysis, 5(3):195–206,
September2001.

[9] R.Malladi andJ.Sethian.A real-timealgorithmfor medical
shaperecovery. In ICCV98, 1998.

[10] T. McInerney andD. Terzopoulos.Deformablemodelsin
medicalimageanalysis:A survey. MedicalImageAnalysis,
1(2),1996.

[11] J. Sethian. Level setmethods:Evolving Interfacesin Ge-
ometry, Fluid Mechanics,ComputerVision and Materials
Sciences. CambridgeUniversityPress,2ndedition,1999.

[12] A. Vasilevskiy andK. Siddiqi. Flux maximizinggeometric
¤ows. In ICCV01, volume1, pages149–154,Vancouver,
Canada,2001.

4


