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Abstract

The Voronoi Implicit Interface Method with Applications to Multiphase Fluid Flow and Multiscale
Modelling of Foam Dynamics

by
Robert Ian Saye
Doctor of Philosophy in Applied Mathematics
University of California, Berkeley

Professor James A. Sethian, Chair

In this thesis, the Voronoi Implicit Interface Method (VIIM) [1-3] is presented together with several
applications in multiphase curvature flow, multiphase incompressible fluid flow, mesh generation
for interconnected surfaces, and multiscale modelling of foam dynamics. The VIIM tracks the evo-
lution of multiple interacting regions (“phases”) whose motion may be determined by geometry,
complex physics, intricate jump conditions, internal constraints, and boundary conditions. From a
mathematical point of view, the method provides a theoretical framework to evolve interconnected
interfaces with junctions. Discretising this theoretical framework leads to an efficient Eulerian-based
numerical method that uses a single unsigned distance function, together with a region indicator
function, to represent a multiphase system. The VIIM works in any number of spatial dimensions,
accurately represents complex geometries involving triple and higher-order junctions, and automat-
ically handles topological changes in the evolving interface, including creation and destruction of
phases. Here, the central ideas behind the method are presented, implementation is discussed, and
convergence tests are performed to illustrate the accuracy of the method. Several applications of
the VIIM are shown, including in constant speed normal driven flow; multiphase curvature flow
with constraints; and multiphase incompressible fluid flow in which density, viscosity, and surface
tension can be defined on a per-phase basis and membranes can be permeable.

An eflicient and robust mesh generation algorithm for interconnected surfaces [4] is also pre-
sented. The algorithm capitalises on a geometric construction used in the VIIM, known as the
“Voronoi interface’, to generate high-quality triangulated meshes that are topologically consistent,
such that mesh elements meet precisely at junctions without gaps, overlaps, or hanging nodes. The
generated meshes can be used in finite element methods for solving partial differential equations on
a network of evolving interconnected curved surfaces.

Finally, a scale-separated, multiscale model for the dynamics of a soap bubble foam [5] is pre-
sented. The model leads to a computational framework for studying the interlinked effects of
drainage, rupture, and rearrangement in a foam of bubbles, coupling microscale fluid flow in a
network of thin-film membranes (“lamellae”) and junctions (“Plateau borders”) to macroscale gas
dynamics driven by surface tension. Here, thin-film equations for fluid flow inside curved lamellae



and Plateau borders are derived, flux boundary conditions which conserve liquid mass are developed,
and local conservation laws for transport of film thickness during rearrangement are designed. From
a numerical perspective, several new numerical methods are developed, including Lagrangian-based
schemes for conserving liquid in the membranes during rearrangement, finite element methods to
solve fourth-order nonlinear partial different equations on curved surfaces, methods to accurately
solve coupled flux boundary conditions at Plateau borders and quadruple points, and projection
methods to couple gas dynamics to the VIIM. Convergence tests are performed to demonstrate the
accuracy of the numerical methods, and results of the multiscale model are shown for a variety of
problems, including collapsing foam clusters displaying thin-film interference effects.
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Chapter 1

Introduction

1.1 Multiphase problems

A myriad of science and engineering phenomena involve multiple interacting regions whose geome-
tries change over time. The interfaces separating these different regions (or “phases”) often meet at
junctions and the physics taking place in the different regions can depend on a variety of factors,
ranging from local geometry of the interface, to global properties transmitted instantaneously across
the domain. A familiar example involves the dynamics of a soap bubble foam, in which gaseous bub-
bles are separated by a network of interconnected thin films of liquid, as shown in Figure[L1(a). The
physics of a foam are complex, and include gas dynamics, surface tension, and liquid dynamics in
the network of thin-film membranes. The membranes may also be permeable, in which case bubble

Figure 1.1. Examples of multi-region physics. (a) A soap bubble foam made with common washing detergent.
(b) Metallic foam made out of aluminium (reproduced from [6]). (c) Grains in a polycrystalline metal (reproduced
from [7]). (d) Cells in a zebrafish, stained so that the cell membranes are green and nuclei blue (reproduced with
permission from ) (e) Minimal surfaces formed by steady-state soap films.
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geometry can change over time as gas diffuses across the membranes, owing to pressure differences
caused by surface tension. Highly specialised foams and foam-like materials, made with different gas
and liquid species, as well as solidification processes, have a wide variety of applications in materials
science, engineering, and industry. For example, metallic foams, such as the closed-cell aluminium
foam shown in Figure[L.I(b), are used in crash-absorbent materials and in medical applications to fill
voids in bones. Understanding the dynamics of foam evolution is a key step in controlling the shape,
structure, and mechanical properties of these foam-like materials. Another example of a multiphase
system is in grain growth. Many metal and ceramic materials exhibit grains, which are regions of
different crystal orientation or alignment, see Figure [L.I{c). Based on chemistry and thermodynam-
ics, grain boundaries move to reduce their interfacial energy, and predicting how these grains form
and evolve is an important part of manufacturing special-purpose materials. Other multi-region
problems include studying the formation of cellular tissues in biology, such as the ectoderm cells in
zebrafish in Figure[L.I(d) [8]; multi-region shape optimisation problems, which have applications
in chemistry, engineering, and high performance computing; and more mathematically-oriented
problems, such as examining shapes of minimal surfaces, as illustrated in Figure[L1(e).

1.2 Tracking multiple interfaces

Modelling these multiphase problems requires the ability to track the motion of evolving intercon-
nected interfaces, coupled to the physics taking place in each phase. However, this is not always
straightforward, as there are a number of associated mathematical and computational challenges.
Often, the physics, chemistry, and mechanics that drive the interface motion are complex, requiring
the solution of fluid mechanics equations with intricate jump conditions at the interface, elasticity
solvers with different properties in each membrane, diffusion and transport effects of species both
within and across the region boundaries, etc. It has been a challenge to construct well-posed math-
ematical models that treat the motion of the interface, especially at junctions, in a mathematically
consistent fashion. At the same time, developing accurate and robust numerical methodologies for
the interface motion can be difficult, due in part to the presence of junctions where interfaces meet
and the vast number of different ways these interfaces can change topology.

1.2.1 Mathematical considerations

From a mathematical perspective, formulating a consistent model is a significant part of the challenge.
In general, the motion of triple points in two dimensions and triple lines in three dimensions (as
well as objects with higher degrees of connectedness) must be specified, either explicitly or implicitly
through requirements on the curves (in two dimensions) and surfaces (in three dimensions) that
connect them. Examples of how such motion may be specified for a purely geometric motion given
by curvature flow in two dimensions include:

« Employing curvature flow on each interface, with the additional requirement that triple points
remain fixed in time: in this case, the equilibrium solution is a network of straight lines.
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« Another option might allow triple points to move in order to minimise the total length of the
network of two-dimensional curves connecting the triple points: this motion would satisty
Young’s law for triple point angles. (In the simplest scenario, Young’s law states that triple
points make 120° angles.) This case is of physical relevance, since various physical situations
demonstrate triple point angle conditions, including grain growth and soap bubble foams. In
this situation, generally speaking, quadruple points are unstable: they will quickly destabilise
into two nearby triple points.

« A third option might be to disallow triple points and only allow quadruple points: this could
lead to an equilibrium solution that resembles a quadrilateral mesh.

In comparison to corners that might exist in an otherwise smooth and orientable closed curve or
surface, the junctions in a multiphase interface problem represent a stronger singularity. Corners
in an evolving interface can be handled in a smooth fashion by relying on a well-posed notion of
surface evolution that allows such singularities (such as in level set methods, as discussed in Chapter
2). The goal of a mathematical formulation of multiphase interface evolution is to smoothly handle
the junctions, especially in the cases which apply to physical systems.

1.2.2 Numerical goals

From a computational perspective, a numerical method for tracking multiple evolving interfaces
should have several features. Numerical methods should have the ability to:

» Represent the complex configurations and geometry of the junctions often present in multi-
phase systems. As shown in the examples in Figure L., the geometry of multiphase systems is
often complex, with a large number of ways that interfaces can meet at junctions.

« Robustly handle complex topological changes. When phases are created, change connectivity
with other phases, or collapse and disappear, intricate topological changes take place in the
interface, and these should be robustly handled, despite the vast number of ways topological
changes can take place.

« Couple to physics in the most general fashion possible. It is important to include a physical
notion of “time” with the flexibility of prescribing different types of possible motion.

o Accurately calculate geometric properties of the interface, such as the normal direction and
components of curvature.

« Be applicable to both two- and three-dimensional settings. Ideally, the fundamental formula-
tion should be independent of the spatial dimension.

Finally, numerical methods should be accurate in both space and time, as well as efficient.
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1.3 Previous work

A variety of numerical methods have been proposed to track evolving interfaces in multiphase
problems. Somewhat broadly, the major approaches can be divided into the following classes of
methods:

« Front tracking or marker-particle methods. In a front tracking method, the interface is ex-
plicitly represented with a Lagrangian geometry, usually with connected line segments in two
dimensions and triangular meshes in three dimensions. The positions of the elements making
up the front are updated in time, based on local geometry of the interface and prescribed
velocity fields. These methods have been adapted to multiphase systems by allowing junctions
to share multiple interface elements. For example, a triple point in 2D is connected to three
line segments, while a triple line segment in 3D is connected to three triangles. While concep-
tually simple, a drawback of this method is that whenever topological changes in the interface
occur, some kind of explicit surgery is required to create the surface mesh topology. Surgery
mechanisms are often ad-hoc, and are especially difficult to perform in three dimensions.

One of the most widely used implementations of front tracking is in the Surface Evolver soft-
ware [9]. In Surface Evolver, surfaces are moved in order to minimise a user-defined energy
functional, using gradient descent methods, and topological changes in the surface are han-
dled with explicit surgery techniques. While such an approach is predominantly aimed at
finding steady-state configurations and cannot be directly coupled to physics, it has been
used in a wide variety of contexts, e.g. in studying bubble size distribution in foams [10, 11],
grain-growth [12], and multi-cellular tissues in biology [8} (13, 14].

Another well-known method that uses explicit Lagrangian geometry is the Immersed Bound-
ary Method [115], primarily aimed at fluid-structure interaction problems. This approach has
recently been extended to study two-dimensional dry foam dynamics [16,17], allowing shear
dynamics to be studied in a full Navier-Stokes setting.

Other front tracking approaches include two-dimensional multiphase curvature flow where
Young’s law is used as a boundary condition at triple points [18], and in modelling surfactant
flow in a network of moving curves [19].

+ Volume-of-fluid methods. In a volume-of-fluid method, each phase or region is described
by a characteristic function, which has a value of one inside the phase and zero outside [20].
In discrete form, this leads to volume fractions in each grid cell which specify the fraction of
volume occupied by each phase. In the multiphase case, junctions correspond to cells with
more than two phases [21, 22]. To update these volume fractions in time, algorithms are
used to locally reconstruct the interface by using neighbouring volume fraction values. How-
ever, reconstructing the interface at junctions can be difficult, especially in three dimensions.
Volume-of-fluid methods have exact conservation of mass, but geometry of the interface, such
as the normal vector and curvature, are difficult to evaluate accurately.
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« Methods using multiple level set functions. Level set methods, introduced by Osher and
Sethian [23], embed the interface as the zero level set of an implicitly defined signed distance
function which evolves in time. As a result, they are primarily aimed at two-phase problems
in which the interface separates one region from another. In the multiphase case, multiple
level set functions are used, one for each each phase/region (or some other encoding scheme).
Since the boundary of one phase coincides with the boundary of another phase, these level
set functions must be coupled together correctly in order to avoid creating regions of overlap
or voids. This is typically done through a “repair” procedure at the end of every time step to
reconcile the level set functions, ensuring consistency.

The first such method using this approach was introduced by Merriman et al. [24]. Later
approaches include using a type of projection method that projects the values of the multiple
level set functions to a specific manifold that does not allow vacuums or overlaps [25]], and
adapting particle level set methods to many regions, also using a type of projection [26].
However, it is often the case that the repair procedure can alter the dynamics of the multiphase
motion. For example, in the works of [24-26]], accurate evolution of triple junctions has not
been rigorously demonstrated.

In image segmentation problems, accurate time evolution is not needed, and different encod-
ing schemes have been used. For example, [log, ] level set functions can be used to represent
n phases, by using the sign of the level set functions in a base-2 encoding scheme to determine
the phase [27]]. This eliminates void regions/overlaps when the number of phases is exactly a
power of two, however spurious phases can appear otherwise. Another image segmentation
approach uses a single level set function which is piecewise constant, such that each phase has
a different value [28].

« Variational methods. Variational methods derive their evolution from gradient descent on an
energy functional, such that “time” measures the progress towards the desired minimisation
configuration, similar to solving a parabolic equation to obtain the solution to an elliptic
problem. These methods are often implemented in a level set framework for an evolving
interface that moves to decrease the energy functional [29, 30]. Typical energy functionals

take the form
E=) fillyl+ ) eilil,
i,j i

where [T;;| denotes the surface area of the interface between phase i and phase j, and |Q);| is
the volume of phase i. Here, f;; is a surface energy density and e; is the bulk energy of phase i.
Gradient descent on this energy functional leads to a normal speed v;; of interface I';; given by
vij = fijKkij + e; — ej, where k;; is the mean curvature of I;. In a variational method, multiple
level set functions are again employed, and, instead of repairing gaps or overlaps that may
occur from the decoupled motion of individual phases, a penalty function is employed which
inhibits gaps or overlaps from growing beyond some tolerance [29-31]]. These variational
methods are limited to geometric motion and are difficult to couple to time-resolved physics.
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+ Phase-field models. Reaction-diffusion or phase-field models model the interface as a thin
internal boundary/transition layer of small width, the evolution of which is governed by poten-
tial energy functions that have special local minima, see [24,32]. Since the interface motion
and triple point angle conditions are sensitive to the choice of potential function, these meth-
ods are often special purpose. In addition, the interfacial layer must be resolved sufficiently
well for numerical accuracy, which typically requires specialty techniques such as adaptive
mesh refinement.

« Diffusion-generated methods. Using either a signed distance function for each phase, or
the characteristic function for each phase, diffusion-generated methods evolve a multiphase
interface by alternating between two steps: first, a diffusion step, corresponding to convolving
the phase functions with a kernel, and second, a reconstruction step, in which the functions are
rebuilt as signed distance or characteristic functions [24, 33, 34]. These methods are typically
limited to mean curvature flow. In fact, it is possible to prove mathematically that a sequence
of diffusion-followed-by-reconstruction steps converges to multiphase mean curvature flow
in the limit of the step size going to zero [35,[36|]. Numerically, these methods can be made
unconditionally stable by using implicit schemes for the diffusion step, and, as such, can
be used to study long-time behaviour of grain/foam coarsening under curvature flow. For
example, in-depth statistics for grain coarsening have been performed for over 100,000 phases
in two dimensions [37], and more recently, 130,000 phases in three dimensions [38]. This
approach has also been generalised to allow almost arbitrary specification of the surface energy
coeflicients [39]].

« Other methods and mathematical results. In the case of prescribed interface speeds, such
that each type of interface moves with a constant speed in the normal direction, Taylor [40]
has developed a mathematical approach in two dimensions based on a geometric Huygens’
principle construction. Uniqueness and existence results are derived, however the method
does not lend itself to numerical simulation and there appears to be no natural extension of the
method to three dimensions. Under the same type of motion, an alternative theory has been
developed, called the vanishing surface tension limit [41], which also establishes uniqueness
and existence results.

Other theoretical work includes finding and classifying all types of two-dimensional self-
similar shrinking, expanding, and stationary curvature flow in multiphase systems [42]; theo-
retical results for three-dimensional self-similar grain growth [43]]; and existence and unique-
ness results for curvature driven motion with the phase-field model given by a Allen-Cahn
system [44].

While these previous approaches have been successful in specific cases, none meet all of the above
mathematical and numerical goals. For example, front tracking methods which use Lagrangian
geometry, while efficient, require delicate dimension-dependent programming and ad-hoc surgery
methods during topological change; the use of multiple level set functions offers robustness and the
ability to automatically handle topological changes, but these methods have rarely been shown to
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accurately evolve junctions in the correct way; and variational methods, phase-field models, and
diffusion-generated methods are each limited to mostly geometric types of motions, making coupling
to time-resolved physics difficult.

1.4 New contributions

One of the main contributions of this thesis, developed jointly with Sethian, is a general method for
tracking the interface in multiphase problems, called the Voronoi Implicit Interface Method (VIIM)
(1, 2]. It aims to meet all of the above mathematical and numerical goals. In particular, by using a geo-
metric construction based on the Voronoi diagram, and the theory of implicit interface methods, the
VIIM provides a mathematically consistent framework for defining the motion of a multiphase inter-
face. Numerically, the VIIM accurately tracks the motion of multi-junction interfaces (in both space
and time), automatically handles complex configurations and topological changes in the interface,
accurately calculates geometric quantities, and can be coupled to time-resolved physics. Moreover,
this formulation is independent of the number of spatial dimensions, allowing numerical methods
to be developed for both two-dimensional and three-dimensional problems simultaneously. In this
thesis, the central ideas behind the VIIM are presented, its implementation is discussed, and con-
vergence tests are performed to illustrate its accuracy. Several example applications of the VIIM are
also provided, including constant speed normal driven flow, advection, and multiphase curvature
flow with constraints. In addition, new methods are developed for treating surface tension forces
at junctions in multiphase fluid flow problems, and fluid solvers are developed in which density,
viscosity, and surface tension can be specified on a per-phase basis.

The second main contribution of this thesis is a new multiscale model for the dynamics of a
soap bubble foam. In this model, the idea of “scale separation” is used to couple macroscale gas
dynamics and rearrangement of bubbles in a foam to film rupture and microscale fluid flow in
the foam’s network of thin-film membranes (“lamellae”) and junctions (“Plateau borders”). New
thin-film equations for curved lamellae and Plateau borders are derived, and these are coupled
together with flux boundary conditions which conserve liquid mass. From a numerical perspective,
several new numerical methods are developed to solve these coupled systems of partial differential
equations (PDEs), including Lagrangian-based schemes for conservative transport of fluid during
rearrangement, finite element methods for solving fourth-order nonlinear PDEs on curved surfaces
and junctions, methods to couple discrete solutions of the thin-film equations at Plateau borders
and quadruple points, and gas dynamics coupled to the VIIM for bubble rearrangement. Combined
together, the multiscale model leads to a computational framework for studying the interlinked
effects of drainage, rupture, and rearrangement in a foam of bubbles.

A third contribution of this work is the development of a new high-quality mesh generation
algorithm for interconnected surfaces. Based on a geometric construction used in the VIIM, the
algorithm can be used to automatically and efficiently generate high-quality triangulated meshes
which are topologically consistent, guaranteeing that mesh elements at junctions meet precisely with-
out any gaps or overlaps. In this approach, force-based iterative methods are adapted from DistMesh
[45] and combined with a new locally-adaptive time stepping scheme for increased efficiency. This
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algorithm has been used in the above multiscale model for foam dynamics, where it has been invoked
tens of thousands of times to generate meshes of evolving interconnected surfaces.

1.5 Outline

This thesis is organised into three parts. In the first part, a review of level set methods is given in
Chapter2|and serves as a foundation for many of the ideas and numerical technologies used in the
VIIM. The general VIIM methodology is then presented in Chapter 3} together with a discussion of
its numerical implementation and convergence tests verifying the accuracy of the method. Several
applications of the VIIM in geometric flow and multiphase fluid flow are given in Chapter[4] Chapters
and [4 have been adapted from the two papers

o R.I Saye &J. A. Sethian, The Voronoi Implicit Interface Method for Computing Multiphase
Physics, PNAS, 108(49), 19498-19503 (2011),

« R.I. Saye & J. A. Sethian, Analysis and applications of the Voronoi Implicit Interface Method
Method, J. Comp. Phys, 231(18), 6051-6085 (2012),

and include expanded discussions on the motivation behind the VIIM as well as additional appli-
cations. In the second part, Chapter |5/ presents the meshing algorithm for interconnected surfaces,
adapted from [4] which is currently under review. In the last part, the multiscale model of foam
dynamics is derived and discussed in Chapter [f} Numerical methods for the multiscale model and
results are then presented in Chapter[7] Chapter[6|and some of the results of Chapter [7|have been
adapted from the paper

o R.I Saye &]J. A. Sethian, Multiscale Modeling of Membrane Rearrangement, Drainage, and
Rupture in Evolving Foams, Science, 340(6133), 720-724 (2013).

Finally, Chapter |8 concludes with a summary of the VIIM and future directions of research in
multiphase problems.



Chapter 2

The Level Set Method

As part of the development of the Voronoi Implicit Interface Method, several ideas from the theory
and practice of level set methods are adopted. Here, we briefly review the level set method, its
numerical implementation, and some of its mathematical theory. For more details, a general review
of the level set method and associated numerical algorithms can be found in the books [46,47].

2.1 Introduction

First introduced by Osher & Sethian [23], the level set method provides a robust and accurate
technique for tracking interfaces that move under a variety of speed laws. By embedding the interface
as an isosurface of a “level set function’, level set methods recast the problem of moving the interface
into a time-dependent PDE for evolving the level set function. In doing so, the method leads to
many advantages, including the ability to automatically handle topological changes in the interface,
as well as handling singularities in the interface by relying on viscosity solutions of the associated
PDEs. The method works in any number of spatial dimensions, and can be coupled to speed laws
derived from physics, such as two-phase fluid flow.

In more detail, let ['(¢) denote the moving interface. Suppose that the interface separates one
region (the “inside”, denoted as ), ) from another region (the “outside”, denoted as Q2_). We thus
assume that the interface is an orientable n — 1 dimensional closed hypersurface in R”. At time ¢ = 0,
we embed the interface as the zero level set of the function ¢ : R” x [0, c0) — R. Usually, this is done
by using the signed distance to the interface, i.e.

d(x,t=0) = id(x,l“(t = 0)),

where the sign is chosen such that ¢ is positive inside (), and negative inside Q)_. In the level set
method, we require that the evolving interface continues to be the zero level set of ¢ for all time. It
follows that geometric quantities of the interface can be determined through operations acting on
¢. For example, the unit normal vector of the interface, pointing from Q_ into Q.,, is i = V¢/|V¢|.
The requirement that the zero level set of ¢ (-, t) coincides with I'(¢) leads to an evolutionary PDE
for ¢, as follows: suppose I' is to move in the normal direction with a speed F, and that x = x(t) is
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the position of a particle on the interface. Then 4 x = Ff, while £¢(x(t), t) = 0, since the particle
is to remain on the zero level set. Applying the chain rule, we thus find that

¢+ + F|V¢|=0. (2.1)

This is the master evolution equation for the level set function ¢, and is sometimes known as the
level set evolution equation. We have thus transformed the problem of determining the motion of
the interface into the problem of solving (2.I)), since the evolving interface is implicitly embedded as
the zero level set of ¢ for all time, i.e. ['(¢) = {x : ¢(x, t) = 0}. This evolution is quite general in the
sense that the speed law F can take various forms. For example:

o If the interface is to move with constant speed F = 1 in the normal direction, then ¢ satisfies
the first order Hamilton-Jacobi equation

¢:+ V| =0.

o Alternatively, if the interface is to collapse under mean curvature flow, so that F = —«, then ¢
is the solution of the second-order nonlinear parabolic PDE

Ve
V¢l

Here, we have used the fact that the mean curvature of a level set of ¢ passing through a point
x is given by x = V - i evaluated at x.

6=V (11791 = 0.

o Or, more simply, if the interface is advected by a given external velocity field u, then ¢ satisfies
the advection equation
¢+u-Veo=0.

More generally, the speed F may be any combination of the above types of flow, or determined
by external factors. For example, in a coupled physics problem, the dynamics of the interface is
determined by solving PDEs in all of the domain, which can depend on the position and geometry
of the interface, jump boundary conditions across the interface, or material quantities on the interface
itself. A specific example is given by a two-phase incompressible fluid flow problem with surface
tension: the interface between two immiscible fluids is advected by the velocity field of the two fluids,
which is governed by the Navier-Stokes equations with a surface tension forcing term that depends
on the position and mean curvature of the interface.

Notwithstanding the generality of the level set method, it is worthwhile to consider a simple
test case, as follows. This example serves to highlight some of the key mathematical and numerical
properties of the level set method, many of which are capitalised upon in the development of the
VIIM. Consider the two-dimensional problem of expanding two initially separated circles at unit
speed. Eventually, the two circles will intersect and merge together into one. Applying the level set
method to this problem, we define a level set function ¢ at time t = 0, which is the signed distance
to the two-circle interface:

¢(x, y,t = 0) = max(r —/(x =)+ (y =), r =/ (x =2+ (y = 12)%).
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0 ©

Figure 2.1. From left-to-right, evolution of an interface expanding with unit speed, computed using the level set
method. lllustrated is a contour plot of the evolving level set function ¢, with the zero level set identified by the
thick black contour; two additional neighbouring level sets are shown as well, and the shaded region indicates Q..

Here, (x;, y;) is the centre of circle i with radius r, and the interior of the two circles gives Q,. To
determine the evolution, we thus solve the evolution PDE given by ¢, — |[V¢| = 0. Figure 2.1{shows
the resulting evolution. As a function of time, a contour plot of ¢ is shown: the thick black curve is
the zero level set of ¢, and the shading illustrates the set of points where ¢ is positive, i.e. (,. Several
features in the ensuing evolution can be observed:

« The two circles, while separated at time ¢ = 0, merge together into one region, i.e. the interface
changes topology. This is handled automatically by the level set method: there is no explicit
decision made at any point in time to determine how to merge the two circles. Instead, the
only object being evolved in time is the level set function ¢, and its evolution is determined
uniquely by the Hamilton-Jacobi equation.

o In the level set method, the evolution of ¢ has no dependence on the fact that the zero level set
is the object of interest — in fact, every level set of ¢ evolves according to the same speed law.
We can see this in Figure[2.1} the zero level set, as well as neighbouring level sets, all expand
with unit speed in the normal direction.

o In particular, and following the last point, we can see that the motion of the neighbouring
level sets of ¢ bracket and follow the motion of the zero level set. Thus, if for whatever reason
the location of the zero level set cannot be found, the location of nearby level sets can be used
to approximately reconstruct the position and motion of the zero level set. This property is
particularly pertinent in developing the VIIM, and will be commented on later.

An additional important property of the level set method is that it is essentially dimension-indepen-
dent: once an n — 1 dimensional hypersurface is embedded in the n-dimensional level set function
¢, the evolution equation determines the motion, independent of explicit geometric considerations
such as the representation of a curve as a polygon or a surface as a triangular mesh. Thus, independent
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of the spatial dimension of the problem, the level set method automatically handles topological
changes in the interface and is flexible in specifying different types of speed laws.

2.2 Mathematical properties

Before turning to numerical methods for the level set method, it is worthwhile to mention the
mathematical theory of the method, particularly in connection with the general problem of surfacd]
evolution. In one of its most general forms, the level set evolution equation (2.1) can be written as

i+ F(x,t,D¢$,D’¢) =0, (x,£) € Qx(0,T). (2.2)

Heref|, F: Q x [0, T) x R" x §* - R is a general “speed function” that may depend on position,
time, and the gradient and second derivatives of ¢ (with respect to x). The function F encodes, in a
very general form, the desired motion of the interface| Often, F arises specifically from a geometric
law of motion, as follows: suppose the surface is to move in the normal direction with a given speed
function V = V(x, t, i, Vi), depending on space x, time t, the normal vector of the surface i, and
curvature information embedded in Vi (such as mean and Gaussian curvature). Then in a level set
formulation, the normal vector is given by fi = V¢/|V¢|, and Vi can be calculated from a certain
transformation acting on D?¢ (see [48] for details). Given this V, the resulting F used in takes
the following form: whenever p € R" \ {0},

T T
F(x,t,p,X) = |p|V(x, 8, (1= B) X (1 - 1)), (2.3)
For example, in the case of mean curvature flow, V = —x = -V - i = —tr(Vi), which leads to

F = —tr((I - %)X ) Any F arising from a speed V, as given by (2.3), automatically satisfies certain
scaling properties relating to the fact that F is geometric in nature, and it is these properties which
are important in the theory of level set equations as they apply to surface evolution. Specifically, for
a general speed function F, we make the following definition.

Definition 1. We say that the function F is strongly geometric if it satisfies two properties:

o F(x,t,Ap,AX) = AF(x,t,p, X); and
« F(x,t,p, X +pq" + qp") = F(x, t, p, X),

forallA >0, peR"~ {0}, X €8", and q € R".

In order to develop existence and uniqueness results, a rich theory of viscosity solutions of (2.2)) has
been developed [48]. To do this, it is generally assumed that F also satisfies an ellipticity property.

'In this section, “surface” means an #n — 1 dimensional surface in R”".

28" denotes the space of real symmetric n x n matrices; D¢ and D*@ denotes the gradient and Hessian of ¢ with
respect to x.

The mathematical theory of the level set method is mainly concerned with speed functions that depend on ¢ and
its derivatives only. When ¢ is coupled to external PDEs, as in coupled physics problems, theoretical results become
more problem-specific.
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Definition 2. We say that F is degenerate elliptic if for each x € R", t € [0, 0), p € R"\ {0}, we have
that
F(x,t,p,X) <F(x,t,p,Y)

forall X,Y € 8" with X > Y. Here, X > Y means X — Y is a positive-semidefinite matrix. If F is
degenerate elliptic, then we say that (2.2) is degenerate parabolic.

Roughly speaking, if F is degenerate elliptic, then existence and uniqueness of solutions to are
guaranteed; if F is also strongly geometric, then these solutions correspond to evolving surfaces. As
examples, a surface moving in the normal direction with constant speed has F(x, t, p, X) = |p|, which
is strongly geometric and trivially degenerate elliptic. For mean curvature flow, using the fact that
tr(AB) >0if A> 0and B > 0, and that I — % > 0, it follows that F(x, t, p, X) = —tr((I— %)X) is
also degenerate elliptic, and it is easy to show that it is strongly geometric.

The theory of level set equations shows how, even in the cases that F involves singularities (as it
does, for example, in mean curvature and Gaussian curvature flow), that the problem of evolving a
surface via the level set equation is well-posed. The general procedure is to (i) define an initial
level set function ¢, which is continuous in €, such that its zero level set corresponds to the initial
position of the interface T’ (ii) solve the Cauchy problem with initial value ¢(x,t = 0) = @o;
and then (iii) define the solution to the surface evolution problem as I'(¢) = {x € Q : ¢(x, t) = 0}.
Showing that this procedure makes sense requires mathematical proof and is the subject of many
papers. Here, the main results are summarised. Suppose that

o the initial condition ¢, is uniformly continuous,

« the function F is strongly geometric, degenerate elliptic, and continuous on Q x [0, T] x (R” \

{0}) x s,
then the level set method has the following properties:
(i) A global solution to (2.2)) exists and is unique, in the sense of the viscosity solution.

(ii) The evolution of the surface I'(t) is independent of the choice of the initial level set function:
if ¢¢t and @& are continuous and their zero level sets coincide, then, while the solution to the
Cauchy problem with initial conditions ¢ and ¢5 may be different, the evolving surface
is identical: T(#) = {x € Q: ¢A(x, 1) =0} = {x € Q: $B(x,t) = 0}.

(iii) The motion of each level set is independent of all other level sets and the value of the level set.
In particular, all level sets of the initial condition move under the same speed law.

For precise mathematical statements of these properties, as well as an in-depth study and review of
the theory of surface evolution using level set methods, the reader is referred to [48].
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2.3 Numerical methods

In the mathematical theory of the level set method, we saw that recasting the problem of moving
an interface into the problem of evolving a level set function leads to many advantages, such as
generality and well-posedness of interface evolution. These advantages carry over to a numerical
setting. In particular, implementations of the level set method can take advantage of a wealth of
well-established numerical methods for solving the associated Hamilton-Jacobi and parabolic PDEs.
These methods rely in part on the links between interface propagation and hyperbolic conservation
laws [49], and build appropriate schemes to perform shock capturing and upwinding.

A numerical implementation of the level set method involves discretising the level set equation
on a background grid/mesh, together with standard methods to evolve in time, such as the forward
Euler method. Although the method can work in a variety of discrete settings, a common approach
is to use a regular Cartesian grid with cell size Ax x Ay x Az together with finite difference methods.
Here, we state some of the simplest schemes for solving the level set equation. These are written
in three dimensions, with a grid point indexed by ijk and time step labelled by superscriptf] #;
adaptation to different spatial dimensions is straightforward.

o For the Hamilton-Jacobi equation ¢, + F|V¢| = 0, where F = F(x, t) does not depend on
derivatives of ¢, one of the simplest first-order schemes is

¢l = ¢ry — At[max(Fi, 0)V* + min(Fyy, 0) V7],
where

v* (max(Dl]k,O)2 +min(D7;,0)?

ik 0)*+ mln(Dle,

+max (D}, 0)* + min(D7F,

0)*
0)?

+max(D}}
)1/2

and D7, is short-hand for the standard forward and backward finite differences, e.g. D7} =
(Pis1,jk — Pijk )/ Ax, etc. For stability, the CFL condition for this scheme requires that F; ]kAt <
min(Ax, Ay, Az) for all grid points i jk.

o A first-order upwinding scheme for the advection equation ¢; + u- V¢ = 0 with u = (u, v, w)
is
¢:11J’r<1 = Oy~ At(max(uljk, )Dy + min(ufy, O)Dz]k)

+max(vjy, O)D,]f< +min (v}, O)D,Jk

+ max(w}, 0) D +m1n(W1]k’O)D,]k)

1]k’

A CFL condition for this scheme is to require max; jx [u;jx|At < min(Ax, Ay, Az).

*The superscript n denoting the time step is also used to denote the spatial dimension; distinguishing these should
be clear from context.
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o For the second-order parabolic PDE for mean curvature flow, ¢; - V - (‘g—& )|V | = 0, no shock
capturing schemes are required. Instead, the mean curvature can be calculated with central
finite difference methods. One possibility for evaluating « is by using expanded expressions,

such as the two-dimensional formula

P 2028, ¢uy + by b3
K=
@2+ )7

together with approximation of each of the terms using standard finite differences. An alter-
native method, which works in any number of spatial dimensions, is as follows. First, the
unit normal n is evaluated at the centre of each computational grid cell, by evaluating V¢ at
i +3,j+ 3,k + 1 using standard central finite differences, and normalising to approximate
n, NNy Second, calculate V - 1 at grid points, using standard central finite differences op-
eratingon fi;,1 ;.1 .. 1. This results in a finite difference scheme for evaluating x;x = V - (%),

i1, jt kel
and a forward Euler method yields

b

2

= Bl ARVl

where |V¢|§‘jk can be calculated either by averaging the gradients found in the first part above,
or by using central finite differences. For this forward Euler implementation, roughly speaking,
the time step should satisfy At < h?/2N for stability, where h is the smallest grid cell size and
N is the number of spatial dimensions.

These represent some of the simplest schemes for solving the level set equation. More involved
schemes include: essentially non-oscillatory and weighted essentially non-oscillatory (ENO/WENO)
schemes that yield high spatial accuracy whenever the solution is smooth with reduced numerical
diffusion at shocks; high order total variation diminishing Runge-Kutta (TVD-RK) methods for
increased accuracy in time; and implicit/semi-implicit schemes for increased stability. For more
details of these methods, the reader is referred to [46,47] and the references therein.

In a straightforward implementation of the level set method, the above level set updates are
computed at every grid point in the domain. A useful technique for improving the efficiency of
the level set method results from “narrow banding’, first introduced in [50]. In this approach, the
computation of the level set updates is confined to a narrow band surrounding the zero level set of
¢; usually this narrow band has a fixed number of grid cells on either side of the interface (say, 10
grid cells). Depending on interface geometry, the number of grid points inside the narrow band can
be significantly fewer than the total number of grid points in the computational domain, leading to
considerable improvements in efficiency. However, narrow banding requires a more complicated im-
plementation and needs some type of narrow band data structure. One must also be careful to ensure
that numerical artifacts created at the boundary of the narrow band do not artificially affect the mo-
tion of the interface — avoiding this problem usually entails periodically reinitialising/reconstructing
both the level set function and its narrow band. This can be done with a reinitialisation method,
which is discussed now.
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2.4 Reinitialisation

Although the mathematical theory of level set methods allows for quite general level set functions, in
practice, it is often the case that using signed distance functions gives the best results. This is a natural
choice, since the signed distance function is well-behaved, in the sense that level sets are equidistant,
and knowing the distance to the interface can be advantageous in some problems. For example, in a
two-phase fluid flow problem, surface tension can be written as a body force through the use of a
Dirac delta function supported on the interface. In a numerical implementation of surface tension,
the delta function is “smoothed” onto the background grid using the level set function ¢; ensuring
that the amount of smoothing is consistent across the entire domain requires that ¢ is approximately
a signed distance function.

However, for many types of flow, it is rarely the case the level set function stays a signed distance
function. One possible solution is to modify the speed function or velocity field, so that ¢ remains a
distance function - this can be done through the use of “extension velocities”, which are discussed
in the next section. A second solution is to periodically reinitialise ¢ as a signed distance function.
In a reinitialisation algorithm, the zero level set of ¢, which is implicitly defined by some sort of
interpolation of the values of ¢ at grid points, is located and used to calculate the signed distance to
{¢ = 0} on the background grid. The computed signed distance function is then used to replace ¢.

Several possibilities exist for numerical algorithms to reinitialise a level set function as a signed
distance function. These range from iterative procedures that solve an auxiliary PDE which attempts
to freeze the location of the interface, and whose steady-state solution is a signed distance function, to
highly accurate methods that use high-order polynomial interpolation to locate the interface. Here,
a high-order and successful reinitialisation method developed by Chopp [51] is briefly described. It
uses a combination of bicubic (in 2D) and tricubic (in 3D) interpolation, a Newton-based procedure
for finding closest points, and the Fast Marching Method [52]. The method essentially consists of
two steps: given a sufficiently smooth scalar function v : R” - R,

1. Compute the signed distance to {y = 0} in an initial band: For each grid cell, the sign of v at
the vertices of the grid cell are examined. If the signs are not all the same, then the grid cell
is identified to contain the zero level set of y. In each such grid cell, y is interpolated using a
C! bicubic interpolant (in 2D) or tricubic interpolant (in 3D), designed to interpolate y at the
grid points of the reference cell, using a 4 x 4 stencil (in 2D) or 4 x 4 x 4 stencil (in 3D). Next,
at each of the vertices of the reference grid cell, the closest point to the interpolated interface
is found, using a Newton-based iterative method. In more detail, denoting the interpolant
by p(x), if xo is the reference point (one of the vertices of the reference cell), then at each
iteration, two step directions are calculated with

Vp(x
5= P g e a0

8 = (xo — xx) — (%0 = x) - Vp(xx) V()

[Vp(xi)l?’



CHAPTER 2. THE LEVEL SET METHOD 17

and are used to update x;,; = x; + §; + &,. Here, §; is a step direction which moves the
iterate towards the zero level set of p, while J, is a step direction which moves the iterate in a
tangential direction in order to find the closest point on the interface. The iterations continue
until they converge, measured using some prescribed threshold. For sufficient accuracy, this
typically requires as few as 1-5 iterations. Once converged, the closest point from x, to the
zero level set of p has been found, from which the distance can easily be calculated. For more
details on this Newton-based method, see [51]].

2. Execute the Fast Marching Method. At the end of the first step, the signed distance to the
interpolated zero level set of y is known in a small initial band of grid points on either side
of the interface. This is then input into the Fast Marching Method [52]], which is a Dijkstra-
like ordered upwind finite difference scheme for efliciently solving the full Eikonal equation
outside this initial band. A two-dimensional first order scheme solves

max(-D;7¢, D;7$,0)" + max(-D;’ ¢, D;/$,0)" = 1. (2.4)

By capitalising on the flow of information in the Eikonal equation, the Fast Marching Method
efficiently solves the upwinded discretisation of the Eikonal equation by marching outwards
from the interface, solving at each grid point in order of proximity to the interface. Using
a min-heap data structure to determine the correct ordering, the computational complexity
of the Fast Marching Method is O(Nlog N), where N is the number of grid points in the
domain. Furthermore, this approach can easily be used to restrict distance calculations to a
narrow band, by stopping the marching once a band radius has been reached. For more details,
including higher-order versions, see [46, 51].

In summary, the Chopp algorithm, in combination with a high-order Fast Marching Method, can
compute a third-orderP|accurate signed distance function whenever the interface is smooth, and is
robust and first-order in the case that the interface has sharp corners.

2.5 Extension velocities

In alevel set method, the speed function F must be defined everywhere in the domain, or at least in a
narrow band. However, in some moving interface problems, the speed function may only be known
at the interface itself, in which case it is necessary to define and build a speed function away from
the interface. Such an “extension velocity”, first introduced in [53]], can be beneficial in a numerical
implementation of the level set method. For example, in some fluid flow problems, the velocity of
the fluid away from the interface can be quite different to the velocity at the interface, which may
cause irregularities in the evolving level set function. In this case, extending the fluid velocity off

>Distances calculated in the initial band are third-order accurate whenever the interface is smooth, and first-order
accurate at corners. The accuracy of the Fast Marching Method determines the global accuracy of the signed distance
function. In particular, if a second order Fast Marching Method is used to calculate the signed distance function in a
narrow band of a fixed number of grid cells on either side of the interface, then the distance is in fact third-order in this
narrow band (whenever the interface is smooth).
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the interface can improve results, such as improved conservation of mass. Extension velocities can
also be used to maintain the signed distance property of the level set function, leading to increased
numerical accuracy.

The basic idea is as follows: given a grid point x, an extension speed Fey, is defined at x to be the
value of the speed F(cp(x)) at the closest point cp(x) on the interface. Thus, the extension speed
is constant along characteristics of the Eikonal equation - these characteristics are straight lines
emanating from the interface in the normal direction. If ¢ is a signed distance function, it follows
that F.,, satisfies the equation

VFeq-V = 0. (2.5)

It is possible to show that if Fe satisfies (2.3), and if ¢ + Fex[V@| = 0, then 2|V ¢[> = 0. Thus, if ¢ is
initially a signed distance function, then it remains a signed distance function. An efficient method
of constructing such an extension velocity, first developed in [54], is as follows. At each time step:

1. Determine the speed F at the interface via geometry, physics, fluid flow, etc.

2. Given a level set function y whose zero level set is the interface to be extended off, extend F
by solving (2.5)), where ¢ is the signed distance to the zero level set of y. This can be calculated
efficiently using the same marching approach used in the Fast Marching Method, together
with a closest point algorithm, such as the one used by the Chopp algorithm described in the
previous section. In more detail:

(i) At each grid point in a small initial band surrounding the zero level set of y, find the
closest point to the zero level set of y. For example, we could use the bicubic/tricubic
interpolation and Newton-based iteration scheme described in the previous section.

(ii) Use these closest points to evaluate F..(x) = F(cp(x)) in the same initial band.

(iii) Lastly, using the Fast Marching Method idea, march outwards from the initial band, such
that each grid point is visited in order of proximity to the interface. At each grid point,
is solved by using the same upwinded finite difference stencil for the gradient which
was found when solving (2.4).

By marching in this fashion, information is efficiently transported away from the interface to build
the extension. In the original extension method introduced in [54], step 2(iii) above was performed
simultaneously with reinitialising y as a signed distance function (even if the resulting signed dis-
tance function is discarded at the end of the procedure). An alternative method is to assume that
v is already a signed distance function, in which case it is straightforward to order grid points by
proximity to the interface. Finally, we note that the above procedure calculates an extension speed.
Using the same algorithm, it is straightforward to calculate an extension velocity with the same
properties. In other words, an extension velocity of u = (uy, 4y, . . .) can be constructed such that uy,
coincides with u on the interface, and solves Vi ; - V¢ = 0 at each time step. It is not hard to show
that under such an extended velocity field, if ¢ is initially a signed distance function and solves the
advection equation ¢, + uey - V¢ = 0, then ¢ remains a signed distance function. For more details
on extension algorithms and their uses, see [46, |54} |55].



19

Chapter 3

The Voronoi Implicit Interface Method

In this chapter, the Voronoi Implicit Interface Method (VIIM) for tracking multiple interconnected
interfaces is presented. Starting with the main ideas of the VIIM, the mathematical definition of
the method is described, followed by details on its numerical implementation. Convergence is then
tested with a number of problems, ranging from two-phase problems to check consistency with
the level set method, to multi-junction problems in which Young’s law and von Neumann’s law are
verified. The main features of the VIIM are then summarised, before several applications are given
in the next chapter.

3.1 Central ideas

In the previous chapter, we reviewed the basic level set method for evolving an interface which
separates two regions. In the level set method, the sign of the level set function determines which
region a point x is in. However, in a multiphase problem, where three or more different regions can
meet at a junction, it is no longer possible to characterise regions based on the sign of a function.
Additional complexities with multiphase problems include:

« Junctions, such as triple points in 2D and triple lines and quadruple points in 3D, represent a
strong singularity in the interface.

« Knowing precisely where these junctions move is not always straightforward. For example, in
a curvature flow problem, the motion of triple points is intricately coupled to all phases.

« Topological changes in the interface, as phases collapse and change neighbourship with other
phases, are difficult to characterise explicitly. For example, the number of different ways
topological changes can occur in 3D is vast and difficult to enumerate; in four and higher-
dimensions, topological changes are near impossible to describe explicitly.

On the other hand, from the level set method, it is clear that

« Evolving a surface which is orientable, i.e. one in which there is a notion of what is “inside”
and “outside” the surface, leads to a well-posed problem.
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« Implicitly representing surfaces as level sets of a higher-dimensional function yields many
advantages, including the ability to automatically handle topological changes, as well as corners
in the interface. Furthermore, by using the level set evolution equation, all level sets move
according to the same speed law. This leads to the property that the motion of a level set is
bracketed by the motion of the surrounding neighbouring level sets.

These observations are key to the development of the Voronoi Implicit Interface Method. The core
idea in the VIIM is to define the motion of the interface in a multiphase system by using the motion
of nearby hypersurfaces. These hypersurfaces are obtained as the set of points that are a small but
fixed distance away from the interface, and form a collection of individual hypersurfaces that exist
solely in one phase. While the physical interface in a multiphase system can have junctions, these
nearby surfaces are remarkably well behaved as the system evolves. By using an unsigned distance
function to the interface, denoted as ¢, these nearby surfaces can be characterised as the e-level
sets of ¢, where € > 0 is a small parameter. In the VIIM, these e-level sets move, and the motion of
the interface is reconstructed from the position of these nearby surfaces, using a simple geometric
construction known as the Voronoi interface.

3.2 The Voronoi interface

Recall that the Voronoi diagram of a set of m nodes in R” is a decomposition of R” into m different
cells with the property that all the points in a given cell are closer to one specific node than any
other. The boundary between these cells is therefore the set of points that are equidistant to at least
two nodes, and no closer to any other node. In more generality, instead of nodes, we may have a
collection of non-overlapping regions in R”. We can still obtain a decomposition of R" such that all
the points in a particular cell are closer to one particular region than any other; see Figure|3.1/for a
two-dimensional illustration. The Voronoi interface is defined to be the boundary of these cells, and
is denoted by I'y.

\ \
I‘23

Figure 3.1. (Left) Voronoi diagram of three points in the plane. (Right) The Voronoi interface Ty = T[;, UT13 U D3
corresponding to three given regions Q;, Q,, and Q3.
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3.3 Mathematical formulation

Using the geometric concept of the Voronoi interface and combining the main ideas of the VIIM,
the basic approach is as follows. First, the interface of a multiphase system is embedded as the zero
level set of the unsigned distance function ¢ to the interface. Thus

¢(x,t=0)=d(x,T(t=0)).

In addition to specifying the distance, we also specify an indicator function y that identifies which
region a point x is in. For example, if x is in “phase one’, then y(x) = 1. We also embed the speed
function F that moves the interface with an “extension velocity” defined on and away from the
interface. As per the main VIIM idea, nearby level sets of the interface are moved for a small amount
of time At. This is achieved by solving the level set evolution equation

¢:+F|Vg| =0

for a short time A¢. Under this motion, and depending on F and discretisation effects, the zero
level set of ¢ will generally not remain a codimension-one surface. However, for a sufficiently small
time, nearby level sets (with value e > 0, say) will remain codimension-one surfaces. One can
then reconstruct the interface after time At as the Voronoi interface of these nearby level sets, and
from this, reconstruct the unsigned distance function and indicator function y. The method is
summarised in Algorithm

Algorithm 1 The Voronoi Implicit Interface Method

Given a multiphase system, calculate the initial unsigned distance function ¢
and indicator function y.
for time stepn =0,1,2,... do
Define a speed function F, which may depend on interface geometry, physics, etc.
Evolve the e-level sets of ¢ by solving ¢, + F|V¢| = 0 for one time step At.
Reconstruct ¢ and y by using the Voronoi interface of the updated e-level sets.

3.3.1 One-dimensional example

To illustrate the method, consider a one-dimensional example, as shown in Figure Here, an
interface, which is a single point located at X (¢) at time ¢, moves with speed F(x, t), so that £ X (¢) =
F(X(t),t). Att =0, the zero level set of the unsigned distance function ¢ corresponds to the initial
location of the point, and is at an extremum. However, at the nearby level sets with value ¢, the
distance function is smooth. We can thus update the distance function everywhere away from the
zero level set in a straightforward manner, similar to a level set method. What remains is to obtain a
suitable definition of the zero level set at time At, in such a manner that it corresponds to the location
of the interface at this time. We can do so by defining the zero level set as the point equidistant from
the two e-level sets. This corresponds to constructing the Voronoi interface from the e-level sets.
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</§(xJ: Q‘) ¢£x, t= Af)

F
i S i i ; T i
€ level set | € level set € level set | ¢ level set
zero level set corresponding to X(t = 0) zero level set should correspond to interface at At

Figure 3.2. Evolution of an unsigned distance function ¢ for an interface in one dimension.

3.3.2 Two-dimensional example

The same Voronoi reconstruction procedure works in two and higher dimensions, and in the pres-
ence of junctions. To illustrate, a two-dimensional example is shown in Figure 3.3 In Figure 3.3(a),
a three-phase system with a triple junction is shown. The unsigned distance function is then con-
structed, as illustrated in Figure [3.3(b), which shows a contour plot of ¢. Nearby surfaces, as deter-
mined by the e-level sets of ¢, are isolated in Figure[3.3(c). Note that the e-level sets are orientable
and exist solely in one phase. In this two-dimensional example, curvature flow is used to illustrate
motion - after a time At, the e-level set belonging to phase two “rounds out” more than the other
e-level sets, since it initially had a sharper angle. After a time At, Figure[3.3(d) illustrates how the
e-level sets have moved. Finally, as per the VIIM idea, the interface is reconstructed from the e-level

¢=0

interface

(a) Initial system (b) Unsigned distance function

b= —

(c) e-level sets (d) After evolution

Figure 3.3. Evolution of a three-phase system for curvature flow in two dimensions.
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sets using the Voronoi interface, as shown in Figure[3.3(d). Note that the Voronoi interface smoothly
reconstructs the junction. Additionally, the triple junction has moved to the right.

3.3.3 Mathematical formulation in multiple dimensions

We can now define the evolution of a multiphase system in any number of dimensions. Let V.(¢)
be the operator that reconstructs the unsigned distance function from the e-level sets of ¢ using the
Voronoi interface. Let Ex,(¢) be the evolution operator which evolves a given level set function ¢
for a time step At. Fix a particular final time T > 0 and let n be the number of time steps required to
reach that time, so that At = T//n. For some € > 0, we apply n time steps, each step consisting of an
evolution and a reconstruction. In the limit as n goes to infinity, this defines an e-smoothed solution
$e, given by

(/)e(t: T) = At_}(i)r’?_)oo(‘/eoEAt)n(qu)’ (31)

where ¢, is the initial condition. Note that this construction defines ¢, at intermediate times 0 <
t < T as well as the final time T. In the VIIM, the e-level sets are used as the nearby surfaces to
determine the interface evolution. We take the limit of these e-smoothed solutions as € - 0 from
above, to obtain a solution given by

(pe:O‘r = Slilg}r (pe- (32)

The formal definition of multiphase interface evolution, as defined by the VIIM algorithm, is there-
fore taken to be the solution ¢._¢+ given in (3.2).

3.3.4 Additional comments

A few mathematical comments are in order at this point. First, the above formulation describes a
sequence of problems, one for each € > 0, such that in the limit € — 0, one obtains the mathematical
definition of multiphase evolution. Second, while this formulation applies to multiphase problems
with high order junctions (e.g. triple points, triple lines, etc.), it is close to the standard level set
method in the case of only two phases.

It is suggested here that the above mathematical formulation leads to a well-posed definition
of the solution to multiphase interface evolution. As shown in the results below, it does indeed
provide a solution that is physically relevant. This formulation may serve as a possible way to analyse
mathematically these flows, however the mathematical analysis is not straightforward. For example,
in the theory of level set methods, the comparison principle is a fundamental result in proving
various important statements about the well-posedness of surface evolution, such as the statement
that if a level set is contained by another level set at time ¢ = 0, then it remains contained for all time.
For a multiphase problem, this statement does not have an immediate analogue, essentially because
of the extra coupling existing at junctions. Developing mathematical theory to accompany the VIIM
is the subject of current work.
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3.4 Discrete approximations of the ¢ = 0* limit

The goal now is to build numerical approximations to the formal definition given by the e = 0*
limit in equations and (3.2). In this section, different approaches of discretising space and
time to find the limit are discussed, as well as the key algorithmic components needed to achieve
this. Although quite general numerical schemes are possible, here we focus on an implementation
that uses rectangular grids, together with standard finite difference approximations to spatial and
temporal derivatives. Thus, many of the standard techniques used in level set methods can be
adopted. Other approaches, such as finite elements, unstructured meshes, semi-Lagrangian methods,
etc., are also possible.

3.4.1 Spatial and temporal discretisations of the formal € = 0* limit

The basic numerical approach for the VIIM is as follows. Given a rectangular grid with cell size A,
the unsigned distance function ¢ and indicator function y are defined and evaluated on the grid at
time t = 0. Once the appropriate speed law is defined, we follow the natural procedure suggested
by the VIIM: at each time step, the function ¢ is evolved for a small amount of time At, and is
then reconstructed as the unsigned distance function corresponding to the Voronoi interface of
the e-level sets. In particular, we assume that the time step At is suitably linked to h, as is usually
required for stability. A numerical implementation of the VIIM contains an additional parameter e,
corresponding to the choice of which neighbouring level sets to use to rebuild the unsigned distance
function.

Given this discretisation with cell size h and time step At, we write our formal definition in more
detail in two steps as

¢ = lim (V"o E})"(¢o), (3.3)

n—o00,h—0
followed by the limit
¢€:0+ = h%} (pe- (34)

Here, V" is the operator that reconstructs the unsigned distance function on a grid with size h (using
the Voronoi interface of the e-level sets of ¢), and E” , is the evolution operator that evolves a given
level set function on the grid for a time step At. The formal definition, given by ¢.¢+, is the limit
as € = 0% of the limit as the space and time discretisations At and h go to zero. Here, we discuss
several different ways to approximate this limit ¢._o+.

(i) The formal limit of a limit.

A discretised version of the formal limit given in (3.4)) is to fix € > 0, compute a converged (in
space and time) solution corresponding to the e-smoothed solution given in (3.3)), and then
examine the limit as € - 0* to compute ¢._+. More precisely:

« Each choice of ¢, At, and h gives a solution ¢2"".

« For some fixed €, we compute the converged limit ¢, = lima )0 (/)?t’h.
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(ii)

(iii)

o We then compute the limit of ¢. as € - 0" to obtain ¢._o-.
Important aspects of this approach are:

« The physical region between the e-level sets and the multiphase interface is resolved as
the grid cell size goes to zero.

o If a narrow band is used to reduce the computational complexity, the size of the narrow
band increases as the grid is resolved, since it must cover all of the domain between the
e-level sets and the interface.

In the convergence tests below, this approach is used to verify that ¢. does indeed converge to
a reasonable solution of multiphase interface evolution as € - 0*.

The coupled limit: couple € and h, such that € > 2h.

In this approach, € is coupled to h, such that € is a constant multiple of h. This approach sends
€ — 0 simultaneously with At, h — 0, and hence differs from the formal “limit of a limit” in
the strict mathematical definition. As a result, the same grid resolution between the e-level
sets and the interface is always used. This is, of course, much less laborious than looking at
the sequence of converged e-smoothed solutions in the approach (i) above. More precisely:

At,h

«(ny- Here, we write €(h) to emphasise that the

« Each choice of At and h gives a solution ¢
choice of h determines the value of €.

« We then study convergence as (At, h) — 0 to obtain ¢._o+.
Important aspects of this method are:

o Setting € to be a multiple of h means that the number of grid cells between the interface
and the e-level sets remains constant as h — 0.

o Typically, € is chosen to satisfy € > 24, so that any finite difference stencils used to evolve
the unsigned distance function stay completely in one phase and do not reach across the
interface.

In the tests below, several test cases for this coupling are used to verify that coupling the two
limits in this fashion does, in fact, obtain the same solution as the formal definition.
Exchanging limits: find the limit §°5", and then construct the grid/time converged limit as
(At,h) > 0.

In this approach, the limits in (3.3)) and (3.4)) are exchanged. More precisely,

o Compute the limit lim,_, o+ 2tM to find ¢€A=tb}1-

« Now, take the limit as (At, h) — 0 to produce @e_o; = limasu) 0 @25

Important aspects of this version are:
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o This approach uses the motion of the e-level sets, in the limit € — 0+. This limit can be
evaluated directly rather than through a limiting process.

 One approach is to use one-sided differences to make sure that finite difference stencils
used in the level set update stay completely in one phase and do not reach across the
interface.

« Alternatively, one can build suitable extensions of the unsigned distance function across
the interface. In this fashion, finite difference stencils can reach across the interface
without seeing discontinuities in the unsigned distance function. One of the simplest
methods to perform this extension is to use the signed distance function of each phase.
However, the resulting implementation essentially requires using data structures to rep-
resent multiple level set functions, each with their own narrow band; this requires addi-
tional programming complexity compared to methods (i), (ii) above, which can use a
single unsigned distance function.

In the tests below, it is verified that this approach also obtains the same solution as the formal
definition.

3.4.2 Key algorithmic steps

Here we discuss some of the main steps in finding the above discrete solutions. In each of the ap-
proaches presented, a key component is rebuilding the unsigned distance function from the Voronoi
interface. This can be split into two steps: finding the Voronoi interface, and then rebuilding the
unsigned distance function from it.

The Voronoi interface

Given a function ¢ and an indicator function y, the first step is to characterise the Voronoi interface
I'y from the e-level sets.

 Geometric construction: Consider the hypersurfaces corresponding to the e-level sets, that is

I“ez{er:<p(x)=e}.

These are curves in two dimensions and surfaces in three dimensions. We shall further classify
these e-level sets according to the phase in which they are located, and hence define

L., = {x €eQ:x(x)=iand ¢(x) = e}.

Then, we can define the Voronoi interface I'y as the set of all points x that are equidistant to at
least two different e-level sets belonging to different phases, and no closer to any other e-level
sets. In other words, we define

Ty = {x €Q:3i# jsuchthatd(x,T,;) =d(x,T;) <d(x,I.x) forall k # i,j}. (3.5)
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o Construction via solution of Eikonal equations: A related formulation is to pose a boundary
value Eikonal equation problem, with zero boundary values on the e-level sets. This can be
done in one of two ways: one can either pose a single Eikonal equation such that

Vyl=1, w(x)=0ifxeT.

where v is negative inside I (i.e., where ¢ > ¢€), and then find the Voronoi interface I'y as the
maximal ridge of y between two different phases. Finding the ridge requires some care. A
simpler alternative is to solve the Eikonal equation for each I ;,

Ve =1, ¢i(x)=0ifxel.;,

choosing a solution such that ¢; is positive inside I ;, and then the Voronoi interface is given

by
Ty = {x € Q) : there exists i # j such that ¢;(x) = ¢;(x) > max gbk(x)}. (3.6)
#1,j

In either case, the solution of the Eikonal equation(s) need only be computed in a small narrow
band necessary to find the Voronoi interface. The size of this narrow band is directly related
to the choice of €.

Reconstructing the unsigned distance function

After finding the Voronoi interface, the next step is to reconstruct the unsigned distance function.
Here, for every point in the domain, we need to find the distance to the Voronoi interface I'y. This
is found by again solving an Eikonal equation, namely

Vol =1, ¢(x)=0ifx €Ty,

Finally, we rebuild the indicator function y which assigns the correct phase to each point by keeping
track on which side of I'y the point belongs. This is done by utilising the information used to find
the Voronoi interface: when using a single Eikonal solve, this is naturally done through a traceback
procedure; when multiple Eikonal equations are used, as in (3.6]), then the new indicator function is

given by y(x) = argmax; ¢;(x).

Choice of algorithm

Several possibilities exist for performing the above calculations. For example, the e-level sets could
be extracted explicitly as a polyhedral mesh using standard contouring algorithms, and then used
in distance calculations. The Voronoi interface is most naturally defined in an implicit fashion, as
in or (3.6). An explicit method of finding Ty is to extract it as a polyhedral mesh using the
algorithm given in below, after which the distance to I'y may be calculated as the minimum
distance to the mesh. While such explicit approaches are possible, it is often advantageous to use
implicit approaches instead. Implicit methods do not require that e-level sets or I'y be explicitly



CHAPTER 3. THE VORONOI IMPLICIT INTERFACE METHOD 28

constructed, can be programmed more easily in 2D, 3D, and higher dimensions, and they often lead
to higher order accuracy.

An implicit approach for rebuilding the unsigned distance function is based on solving the
Eikonal equation. Thus, the core tool is a robust, fast, and accurate reinitialisation algorithm, which
solves the Eikonal equation on a fixed background grid. In this work, the reinitialisation algorithm
developed by Chopp [51] is extensively used. This method utilises bicubic (in 2D) and tricubic (in
3D) interpolation to accurately initialise the Fast Marching Method [52]. More details are given in
of Chapter 2] This method is used in two steps for rebuilding the unsigned distance function.
First, the Chopp algorithm is used to calculate the distance to the e-level sets on the grid. From this,
the formulation is used to define a second function y whose zero level set corresponds to I'y,
which is then input into the Chopp algorithm, to calculate the distance to I'y.

3.4.3 Reconstruction interval

In the mathematical definition of the VIIM, the unsigned distance function ¢ and indicator function
x are reconstructed at the end of each time step. In a numerical setting, it can be advantageous to
reconstruct less frequently, say every ten or so time steps. There is a tradeoff between the temporal
errors incurred in delaying reconstruction, compared to spatial errors incurred due to the sharp
corners often present in the unsigned distance function of a multiphase system. The precise recon-
struction interval that gives the best results depends on the exact application and the time step being
used. For example, in a fluid flow problem in which the surface tension time step constraint required
for stability leads to rather small time steps, it can be worthwhile to reconstruct every 20-30 time
steps. More comments about the reconstruction interval are provided in the convergence tests.

3.5 Adding physics and evaluation of the speed function

Naturally, an appropriate speed function F must be specified as part of the multiphase interface evo-
lution. In geometric types of flow, the speed can be calculated from position, normal, and curvature
quantities evaluated from derivatives of the distance function ¢, similar to level set methods. When
coupled to physics, the speed function is determined by solving the relevant equations of motion,
where the location and geometry of the Voronoi interface can provide jump conditions, source terms,
etc. Typically, the solution of these equations requires solving PDEs throughout the entire domain.
When explicit extraction of the interface is required in order to evaluate any of the quantities that
serve as input to these PDEs, a natural meshing algorithm described below can be used. The final
speed function F must be defined everywhere (or at least in a narrow band surrounding the in-

terface); depending on the problem at hand, it can be advantageous to use extension velocities, as
described in of Chapter 2|
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3.6 Efficiency

A natural method to improve the efficiency of the VIIM is to use the idea of narrow banding; see
Chapter[2] In particular, the unsigned distance function ¢ is only defined and updated in an adaptive
narrow band of size k grid cells on either side of the interface. Together with the Eikonal equation
solver that uses the Fast Marching Method, the operation count for the numerical VIIM algorithm
is O(kNlog N) per time step, where N is the number of grid cells containing the interface. In
particular, using the narrow banding approach, the computational complexity depends only on the
measure of the interface, and does not directly depend on the number of phases which define that
interface.

3.7 Creation and destruction of phases

The VIIM provides a straightforward way to add or create new phases. Such a new phase may arise for
several reasons, for example through spontaneous nucleation via a chemical reaction, solidification,
or when parts of a liquid begin to boil. Suppose, at some time ¢ in the evolving calculation, one wants
to create a new phase in the multiphase system. The boundary of this new phase is then supplied as
a boundary condition when the unsigned distance function is reconstructed; all grid points within
the new phase are then assigned a new value of the indicator function.

An analogous process occurs for the destruction of phases. A common way that this occurs is
due to collapse of the region itself, such as in curvature flow. This is naturally handled through the
Voronoi reconstruction: as the region shrinks, its e-level set ceases to exist at some point in time and
then does not contribute to the Voronoi reconstruction. In other applications, a component of the
network of interfaces may disappear spontaneously (such as the popping of a bubble). In this case,
the boundary is removed and the two phases on either side of the removed interface are given the
same value for the indicator function.

3.8 Interface extraction and visualisation

At times, it is important to explicitly extract the interface, for example, to calculate accurate jump
conditions, physics, chemistry, etc. at the interface, or for visualisation to display the evolving
structures. In the two-phase case, there are several standard visualisation algorithms which extract
level sets of implicit functions in two and three dimensions, including marching cubes [56], marching
tetrahedra [57-59], and their variants. In the multiphase case, we have a more complex interface
structure.

Here, we can capitalise on the Voronoi interface to design a conceptually simple interface extrac-
tion algorithm. Using the approach of solving Eikonal equations to find the Voronoi interface, as
given in Section [3.4.2} suppose we have signed distance functions ¢;, defined on a grid and which
determine the distance to I; .. Then, the part of I'y which gives the interface I';; between phase i and
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phase j # i is given implicitly by (3.6):
Tij={xeQ:¢;(x) = ¢j(x) > ¢p(x) forall k # i, j}. (3.7)
To extract an explicit representation of I}, there are three steps:

(a) Determine a continuous piecewise linear interpolation of every ¢; function (known only at
grid points) to determine ¢; at arbitrary points.

(b) Extract the zero level set of ¢; — ¢;, thereby producing a collection of surface elements {E, :
1 < € < n}, where each E, is a straight line segment in 2D or a triangle in 3D. Since the last
condition in (3.7)) is not necessarily satisfied on every surface element, we have that I;; € U, E..

(c) For each element E,, keep the set of points x € E, that satisfy ¢;(x) = ¢;(x) > ¢x(x) for
all k # i, j. This is achieved by a series of “chop” operations that takes E, and chops it into
pieces (a set of line segments in 2D or triangles in 3D), using the zero level set of ¢; — ¢ as
the position of the cut, and keeping those pieces on which ¢; > ¢,. Pieces on which ¢, < ¢y
are discarded. The result is a collection of surface elements whose union is T};.

We note several features about the above procedure.

« The algorithm is exact, in the sense that the interface of the interpolated multiphase system
is extracted exactly. As a result, different interfaces I;; and I'; which meet at a higher order
junction do so without overlap or gaps.

o Piecewise linear interpolation is natural for visualisation purposes, since line segments and
triangles are naturally displayed, and chopping such elements with other elements is straight-
forward. Furthermore, piecewise linear interpolation is second order accurate wherever the
function being interpolated is smooth, which is accurate enough for many purposes. In this
work, a marching tetrahedrons based interpolation is used, in which each grid cell is divided
into two triangles (in 2D) or six tetrahedra (in 3D). This provides a well-defined, predictable
piecewise linear interpolant.

o The algorithm can be made very efficient by noting that the interpolation of ¢; functions in
step (a) above only needs to be performed in grid cells containing the interface. Lookup tables,
similar to those found in Marching Cubes, yield efficient extraction of mesh elements and
efficient chopping operations. The overall computational complexity is O(N), where N is the
number of cells containing the Voronoi interface, independent of the number of phases, due
to narrow banding.

An example mesh generated by this algorithm is shown in Figure Although low in mesh qual-
ity, the meshes are perfectly adequate for visualisation purposes. In fact, such meshes have been
extensively used in calculating accurate surface tension forces in multiphase fluid flow problems, as
discussed in of Chapter [4} Generating high-quality meshes is also possible: Chapter [5] presents
a more advanced high-quality meshing algorithm, based in part on the approach presented here.
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Figure 3.4. A mesh generated using piecewise linear interpolation and the Voronoi interface, for a four-phase
system (white, blue, green, and exterior). The zoomed region highlights a quadruple point, where four triple lines
meet (however only three are visible).

3.9 Parallel implementation using MPI

In much of this work, the VIIM and associated methods have been parallelised using MPI and a
domain decomposition approach. This is useful for curvature flow calculations that involve many
time steps, as well as complex three-dimensional fluid flow simulations. The domain is a simple
rectangular Cartesian grid that is sub-divided into smaller grids, each assigned to an individual
processor in the MPI implementation. Synchronisation of data on the subdomains is performed
using ghost layers of sufficient size. Many algorithms can be parallelised easily with this approach,
while other algorithms require more care, such as the solution of Eikonal equations.

To parallelise the Eikonal equation solver, we can exploit the fact that we only need data in a
narrow band. Thus, each processor can solve the Eikonal equation locally, in an area which is the
size of the subdomain assigned to that processor, plus a number of layers corresponding to the size
of the narrow band. Once the data on this slightly larger grid is initialised with bicubic/tricubic
interpolation, the normal Fast Marching Method can be used. In this fashion, each processor can
solve the Eikonal equation locally and independently of the other processors. The parallel efficiency
of this method depends on the geometry of the interface and the relative size of the subgrid compared
to the narrow band: if the interface is sufficiently dense, as it often is in multiphase simulations, the
method scales very well.

3.10 Convergence tests and verification

So far in this chapter, the main VIIM algorithm has been developed and its numerical implementa-
tion discussed. In this section, several convergence tests of the method are performed in two and
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three dimensions, verifying the accuracy, robustness, and convergence properties under refinement
of numerical parameters. Three different ways to test convergence are considered, corresponding to

those outlined in §3.4.1]

(i) Fix € independent of the grid size h and study convergence as h — 0, followed by the limit
€ = 0. Another way to say this is that we compute the converged solution to the problem for a
fixed ¢, i.e. the e-smoothed solution, and then consider the limit of this e-smoothed solution
as € goes to zero. This directly follows the mathematical definition of multiphase evolution,
and produces a converged solution. In the following, this approach is denotes as the “¢ fixed
regime’”.

(ii) Couple € with the grid size h, i.e. set € = ah where « is a fixed constant, and study convergence
as h — 0. This approach sends € - 0 simultaneously with & — 0, and hence differs from
the formal “limit of a limit” in the strict mathematical definition. However, this method is
more computationally practical, as the width of a narrow band implementation remains fixed,
independent of the grid size. The results will show that coupling € to 4 in this manner also
produces the same, converged solution. This approach is denoted as the “e coupled regime”.

(iii) Exchange the limits, and first compute an inner limit with € — 0+, and then study convergence
as h — 0. In the following, the numerical solution obtained with this approach is labelled as
“e=0""

For some test problems, the solution is known and we can measure the error between the numerical
results and the exact solution. In other cases, the solution is not known and grid convergence will be
used. In both of these scenarios, the “error” measures the difference in interface position, defined by
the Hausdorff metric dy: given two interfaces I} and I, (each a surface of codimension-one), we let

du(T,I,) = max(sup inf |x — y|2, supinf ||x - y\|2).
xely yel xely yelh
Roughly speaking, the Hausdorff distance measures the maximum width of the region between I}
and I. In the following convergence tests, convergence is measured in time, as well as in space. To
do this, an averaged L! norm in tim¢]is used, together with the Hausdorff metric in space, i.e. if
I1(t) and I, (¢) are interfaces evolving over a time interval ¢ € [0, T], then we define

d(T,T,) = %/OTdH(Fl(t),Fz(t))dt. (3.8)

To numerically evaluate (3.8) in practice, the interfaces I; are reconstructed explicitly from the
distance function ¢ as a mesh and the Hausdorft distance between two meshes is computed. This is
a second order accurate approximation of dy (-, -) and is sufficient for the following tests.

ITests were also performed using the maximum norm in time, e.g. maxo<;<7 dg (-, -). Convergence is still obtained
under this norm as well, with the same overall convergence rate. However, between one grid size and the next, the
convergence rate can be spurious, due to the sensitivity of the Hausdorft distance to the location of triple points in a
grid cell. Instead, the L' norm is used in time, which for the tests performed here, do not weaken any conclusions made
about convergence.
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0.25

Figure 3.5. Evolution of a circle expanding with unit speed (T = 1) (left), and the solution at time ¢ = T obtained
on the same grid (h =1/512), with € fixed (middle) and € coupled to h (right).

In all of the tests, the domain is a unit square in 2D, or unit cube in 3D, and a uniform Cartesian
grid with cell size h is used. Standard first or second order finite difference schemes are used for
the evolution (upwinding when necessary), and the time step constraint for forward Euler will be
indicated. Convergence as h — 0 is measured for a variety of € values for the two regimes. We denote
by It = I (¢) the time evolution of the interface obtained with a grid size h and parameter e. When
grid convergence is being used, we suppose that the leading order component of the error is Ch? for
some constants C and p and measure the difference of two solutions on two different grids, in this
case using d (I}, T, ), to determine the rate of convergence p. Specifically, we define dj := d(T},T5,)
and estimate p ~ log,(d5, /d; ). Finally, if a data point is missing in a convergence plot or table, then
it is because the corresponding grid was too coarse to successfully determine the evolution (e.g. a
phase became so small that its e-level set vanished).

3.10.1 Basic tests in two dimensions

First, we verify that the VIIM produces correct results in the case of straightforward two-phase
problems.

Circle expanding with unit speed

We first test the case of a circle expanding with unit speed F = 1, as illustrated in Figure [3.5| (left).
The circle’s initial radius is £ and is evolved over a time of T = £ so that its final radius is Z. For this
evolution, the time step constraint is At < h; here At = $h. For an unsigned distance function to a
circle, the Voronoi reconstructed interface using any e-level set is exact. This implies that for this
test problem, errors in the numerical results of the VIIM will be largely independent of €, and the
results confirm this. Figure (3.5 shows the numerical results at final time ¢ = T obtained on the same
grid size (h =1/512) for different ¢ values; there are no observable differences. Figure[3.6]plots the
error compared with the exact solution, d(l"fl, Texact)> and shows that first order accuracy in space
and time is obtained, independent of the choice of €.
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Figure 3.6. Corresponding to the test case in Figure , the error d(T}, Texact) as a function of grid size h for
the two regimes: ¢ fixed (left), and e coupled to h (right). The slope of both lines is 1.0.

Initially square interface expanding with unit speed

We now consider an initially square interface expanding with unit speed F = 1, as illustrated in
Figure [3.7| (left) (recall that the viscosity solution of the corresponding Hamilton-Jacobi equation
yields an expanding square with rounded corners). The square’s initial width is Z and is evolved over
a time of T = : so that its final width is 3. The time step constraint is At < h; here At = 1h. In
this test case, due to the corners present in the initial interface, the Voronoi reconstructed interface
changes with the choice of e. Figure[3.7)shows the numerical results at final time ¢ = T obtained on
the same grid size (h = 1/512) for the two € regimes. In particular, in Figure[3.7](middle), we see that
when € > 0 is fixed, the e-smoothed solution is not the same as the exact solution, but converges to it
as € - 0. A convergence analysis of the results is presented in Table[3.]land Figure 3.8 In Figure[3.§]
(left) we see that if € > 0 is fixed, then as h — 0, convergence to the exact solution is not obtained.
Instead, the numerical results are converging to the e-smoothed solution, as shown in Table (3.1} In
the regime where € is proportional to h, approximately first order convergence to the solution is
obtained as h — 0.

— t=0
777777 t=4T 1
0.75 1 t=1r
t:%T i
=N 05* *7t7T
0.25 J |
0 1 1 1

0 0.25 0.5 0.75 1

Figure 3.7. Evolution of an initially square interface expanding with unit speed (T = 1) (left), and the solution
at time t = T obtained on the same grid (h =1/512), with ¢ fixed (middle) and e coupled to h (right).
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Figure 3.8. Corresponding to the test case in Figure , the error d(T}, Texact) as a function of grid size h for
the two regimes: ¢ fixed (left), and e coupled to h (right). The slope of both lines is 0.8.

e=0" €=0.02 €=0.04 €=0.06
h d; order dj order d; order d order
1/64 0.00924 - 0.00727 - 0.00739 - 0.00758 -
1/128 0.00445 1.1 0.00409 0.8 0.00390 0.9 0.00371 1.0
1/256 0.00262 0.8 0.00245 0.7 0.00218 0.8 0.00209 0.8
1/512 0.00174 0.6 0.00121 1.0 0.00108 1.0 0.00101 1.1

Table 3.1. Corresponding to the test case in Figure convergence results for the fixed € regime.

Square shrinking with unit speed

Now consider the case of a square shrinking with unit speed, as illustrated in Figure [3.9|(left). The
square has an initial width $ and is evolved over a time T = . Similar to before, the Voronoi
reconstruction has an error depending on the choice of €. Figure [3.9|shows the numerical results at
final time obtained on the same grid size (h = 1/512) for different € values. In particular, in Figure
(middle), we see that the e-smoothed solution is not the same as the exact solution. However, as
€ — 0, the e-smoothed solution converge to the exact solution. A convergence analysis is presented
in Table[3.2|and Figure and shows similar convergence properties as in the previous test.

— t=0
0.7
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(]25 r 1 0625 | - € = 002 | - € = 2h
"""""""""""""""""""""" €= 0.04 o e=4h
e =0.06 € =6h
0 1 1 1 06 1 1 1 1 1 1
0 0.25 0.5 0.75 1 0.6 0.625 0.65 0.675 0.7 0.6 0.625 0.65 0.675 0.7

Figure 3.9. Evolution of a square shrinking with unit speed (T =

x

1
5

on the same grid (h =1/512), with € fixed (middle) and € coupled to h (right).

xT

) (left), and the solution at time ¢ = T obtained
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Figure 3.10. Corresponding to the test case in Figure , the error d(I}, Texact) as a function of grid size h for
the two regimes: ¢ fixed (left), and e coupled to h (right). The slope of both lines is 1.0.

e=0" €=0.02 €=0.04 €=0.06
h d;, order d; order d; order d;, order
1/64 0.01655 - 0.01424 - 0.01475 - 0.01252 -
1/128 0.00855 1.0 0.00787 09 0.00738 1.0 0.00604 1.1
1/256 0.00415 1.0 0.00329 13 0.00296 13 0.00254 1.2
1/512 0.00225 0.9 0.00147 1.2 0.00118 13 0.00123 1.0

Table 3.2. Corresponding to the test case in Figure convergence results for the fixed € regime.

Curvature flow on a circle

We next consider curvature flow applied to a circle with speed F = —x, as illustrated in Figure
(left). The circle has an initial radius of r, = 0.375 and is evolved over a time of T = 0.04;
the exact solution has radius at time ¢ given by r(t) = \/r5 — 2t. The time step constraint for this
problem (using the fact that ¢ does not deviate from a distance function) is At < 1h2. At each grid
point, standard finite difference stencils are used to approximate the curvature of the level set passing
through that grid point. It follows that the e-level sets inside and outside the circle move with different
speeds, and this implies that the Voronoi reconstructed interface moves with a speed depending on
€. (In fact, it can be shown that this dependence on € is of the form F, a1 = Fexact + O(€?).) Figure
shows the numerical results at final time ¢ = T obtained on the same grid size (h = 1/512) for different
€ values. Once again, the limit of e-smoothed solutions as € — 0 yields the correct solution. This is
made more precise in Figure and Table[3.3| In the regime where € is proportional to h, second
order convergence to the solution as & — 0 is obtained. In this case, second order convergence is

obtained since second order finite difference methods are used together with a second order time
step At = O(h?).

3.10.2 Triple points in two dimensions

Next, we consider a single T junction that moves into a Y junction under curvature flow with F = —«.
We consider two different boundary conditions: zero Neumann and Dirichlet (“anchored”). In both
cases, At = 1h? and the interface is evolved over a time of T = £2 ~ 0.244 (corresponding to 1000
time steps on the coarsest grid). Figure illustrates the evolution for both types of boundary
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Figure 3.11. Evolution of a circle collapsing under curvature flow with speed F =« (T = 0.04) (left), and the
solution at time ¢ = T obtained on the same grid (h =1/512), with € fixed (middle) and e coupled to h (right).
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Figure 3.12. Corresponding to the test case in Figure 3.11|, the error d(T}, Texact) as a function of grid size h for
the two regimes: ¢ fixed (left), and e coupled to h (right). The slope of both lines is 2.0.

e=0" €=0.02 €=0.04 €=0.06
h dy order dy order dy order dj order
1/64 0.00123 - 0.00123 - 0.00127 - 0.00132 -
1/128 0.00030 2.0 0.00031 2.0 0.00030 2.1 0.00030 2.1
1/256 0.00008 1.9 0.00008 1.9 0.00009 1.7 0.00010 1.6
1/512 0.00002 2.0 0.00002 1.9 0.00003 1.7 0.00003 15

Table 3.3. Corresponding to the test case in Figure , convergence results for the fixed € regime.
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Figure 3.13. Evolution of curvature flow applied to an interface that is initially a T junction (T = %) with

anchored boundary conditions (top) and Neumann boundary conditions (bottom).

conditions. We see that the motion defined by the VIIM is such that the T junction moves into a
Y junction with 120° angles. In the case of anchored boundary conditions, the evolution ultimately
converges to an equilibrium with straight lines.

Figure shows the numerical results at final time t = T obtained on the same grid size
(h = 1/512) for different € values. Once again, for the regime with fixed ¢, we see that different
e-smoothed solutions are obtained for different fixed ¢, but there is a well-defined limit as € - 0. In
this test, we rely on grid refinement to measure convergence. Table [3.4| (fixed € regime) and Table
(€ coupled to h regime) contain the results. We see that in all cases, in both € regimes, the VIIM
converges in both space and time at first order. Although not shown here, it was also verified that
the e-smoothed solutions converge as € - 0 to the same solution obtained in the € coupled regime.

—e—0+
0.6 |- €¢=0.02
- e=0.04

e =0.06

=05 F

0.4 Ez2

0.4 0.5 0.6 0.4 0.5 0.6 0.4 0.5 0.6 0.4 0.5 0.6

Figure 3.14. Corresponding to the test in Figure [3.13} the solution at time t = T obtained on the same grid
(h =1/512) with different choices of € for the two different e regimes; anchored boundary conditions (left pair) and
Neumann boundary conditions (right pair).
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e=0" €=0.02 €=0.04 €=0.06
h d; order d; order d; order d; order

- 1/64 0.00305 - 0.00269 - 0.00326 - 0.00393 -
E 1/128 0.00164 09 0.00186 0.5 0.00229 0.5 0.00260 0.6
:%’ 1/256 0.00083 1.0 0.00118 0.7 0.00140 0.7 0.00175 0.6

1/512 0.00044 0.9 0.00062 0.9 0.00076 0.9 0.00090 1.0
- 1/64 0.00335 - 0.00290 - 0.00374 - 0.00448 -
g 1/128 0.00183 09 0.00216 0.4 0.00261 0.5 0.00280 0.7
2 1/256 0.00090 1.0 0.00129 0.7 0.00112 1.2 0.00182 0.6
g 1/512 0.00048 0.9 0.00047 1.4 0.00062 0.9 0.00125 0.5

Table 3.4. Corresponding to the test in Figure convergence results for the fixed € regime.

e=0" €=2h €=4h €=6h
h dy order dy order dj order d; order
- 1/64 0.00305 - 0.01092 - 0.01626 - 0.01868 -
io) 1/128 0.00164 0.9 0.00631 0.8 0.01019 0.7 0.01322 0.5
5 1/256 0.00083 1.0 0.00336 0.9 0.00549 0.9 0.00737 0.8
1/512 0.00044 0.9 0.00174 1.0 0.00283 1.0 0.00383 0.9
- 1/64 0.00335 - 0.01799 - 0.03571 - - -
g 1/128 0.00183 0.9 0.00932 0.9 0.01695 1.1 0.02502 -
é 1/256 0.00090 1.0 0.00475 1.0 0.00834 1.0 0.01190 11
1/512 0.00048 0.9 0.00242 1.0 0.00415 1.0 0.00582 1.0

Table 3.5. Corresponding to the test in Figure convergence results for regime in which € is coupled to h.

3.10.3 von Neumann-Mullins’ law
Verification of von Neumann-Mullins’ law in 2D

In the last convergence test of a T junction moving into a Y junction, we saw that the VIIM applied
to curvature flow on a triple point resulted in that triple point obtaining 120° angles. This is known
as Young’s law and naturally arises when viewing curvature flow as minimising perimeter (or surface
area in 3D). We now study in more depth curvature flow on a random set of phases involving
a connected network of interfaces with several triple points. Assuming Young’s law holds, von
Neumann [60] and Mullins [61] showed that if the speed of the interface is F = —yx (where y isa
constant), then the rate of change of area of any phase is an affine function of the number of sides
of the phase. The law can be derived from the relation %2 = [, F (taking into account the angles at
triple points), and states that

a5 ). (3.9)

This is a remarkable result: the law states that the growth rate of a phase depends only on the number
of sides it has, and not directly on the overall size or shape of the phase or the motion of any other
phase. Consequently, as a multiphase system evolves under curvature flow, it can be expected that
some phases shrink, others expand, and that various topological changes take place. Thus, according
to the von Neumann-Mullins’ law, the area of each phase as a function of time is piecewise linear.
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Figure 3.15. Curvature flow applied to an initial set of 25 randomly positioned phases. According to von
Neumann-Mullins’ law, phases with more than six sides grow, those with less than six shrink, and those with six
sides conserve their area. This process leads to “coarsening” of the system.

To investigate this law in the context of the VIIM, Figure shows the numerical results of
curvature flow applied to a multiphase system which initially has 25 randomly positioned phases
(with y = 1), using periodic boundary conditions (grid size 256 x 256). We see that some phases
expand, while others shrink and disappear. Moreover, there are a number of topological changes
that take place, which are automatically handled by the VIIM. In Figure the area as a function
of time is shown for a selected set of nine phases. The results correctly match von Neumann-Mullins’
law throughout the evolution, even as these intricate topological changes take place.

Using von Neumann-Mullins’ law to check convergence

Using von Neumann-Mullins’ law as information about the exact solution, we can also test the
convergence of the VIIM applied to curvature flow as a function of grid refinement.

To test the numerical results of the VIIM against von Neumann-Mullins’ law, we consider n sided
shapes, for 3 < n < 8, suitably connected to the boundary (see Figure[3.17)). The initial shape is chosen
to be circular with radius 0.3, (except if n = 3, in which case it has a radius 0.35), and is evolved over
atime T = 0.08. The time step is again chosen to be At = ;h2. As part of the convergence tests, the
role of the reconstruction interval, as discussed in was tested. Denote by k the reconstruction
interval, e.g. if k = 1 then the Voronoi interface is reconstructed every time step. For the time step
used here, it was found that consistent convergence rates were obtained for approximately k > 8, and
in the following, k = 16 has been used. To measure the error in this multiphase curvature evolution,
we measure the difference between the computed value of 44 (obtained via the slope of a linear
regression of the shape’s area over 100 equally spaced points in time) compared with that predicted
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Figure 3.16. Area as a function of time for a selected set of nine phases corresponding to the evolution shown
in Figure According to von Neumann-Mullins' law, the area of a particular phase should be a piecewise
linear function, with a derivative that is an affine function of the number of sides of the phase. We have therefore
coloured each part of the trajectories by the number of sides the phase had at that particular time. The slopes of
the trajectories matches with what is predicted by von Neumann-Mullins’ law.

by von Neumann-Mullins’ law. To simplify matters, convergence for the regime in which e is fixed
is skipped; from hereon, only the case when € = ah is coupled to the grid size h, as h — 0, will be
considered. For each n,

« atime sequence illustrating the evolution of the n-sided shape over time is shown in Figure

B.I7

« aplot of the error in % as a function of & is shown in Figure , and

« a table with convergence rates obtained with grid refinement, measuring convergence of the
interface evolution in space and time, is given in Table

According to von Neumann-Mullins’ law (3.9)), the shapes decrease in area if n < 6, increase in area if
n > 6, and have constant area if n = 6. This is demonstrated in the figures, as well as the fact that the
evolution quickly become self-similar. In most cases well behaved convergence is obtained, whereby
the VIIM converges at first order rate in both space and time. The exception is the case when n = 6
where the error is smaller than the other cases but does not exhibit consistent convergence rates.
This is most likely due to the fact that the shape is essentially stationary, and so grid alignment errors
dominate.
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Figure 3.17. Evolution of initially circular n-sided shapes under curvature flow with y =1 (T = 0.08).
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e=0" €=2h e€=4h €=6h
n h dy order dy order dy order dy order
1/64 0.00254 - 0.01924 - 0.09240 - 0.13283 -
3 1/128 0.00119 1.1 0.00593 1.7 0.01415 2.7 0.04314 1.6
1/256 0.00061 1.0 0.00267 1.2 0.00507 1.5 0.00807 2.4
1/512 0.00033 09 0.00130 1.0 0.00226 1.2 0.00329 13
1/64 0.00235 - 0.04159 - 0.11469 - 0.12696 -
4 1/128 0.00104 1.2 0.00622 2.7 0.02101 2.4 0.06301 1.0
1/256 0.00049 1.1 0.00249 1.3 0.00498 21 0.00823 2.9
1/512 0.00024 1.0 0.00115 1.1 0.00207 13 0.00302 1.4
1/64 0.00236 - 0.01007 - 0.11946 - 0.20327 -
5 1/128 0.00125 0.9 0.00279 1.9 0.00665 4.2 0.01501 3.8
1/256 0.00064 1.0 0.00115 13 0.00204 1.7 0.00324 2.2
1/512 0.00043 0.6 0.00064 0.8 0.00092 1.2 0.00131 1.3
1/64 0.00233 - 0.00307 - 0.00299 - 0.22553 -
6 1/128 0.00252 -0.1 0.00169 0.9 0.00280 0.1 0.00370 59
1/256 0.00116 1.1 0.00183 -0.1 0.00233 0.3 0.00276 0.4
1/512 0.00082 0.5 0.00096 09 0.00121 1.0 0.00189 0.5
1/64 0.00302 - 0.01212 - 0.03456 - 0.04348 -
7 1/128 0.00128 1.2 0.00550 1.1 0.01025 1.8 0.01756 13
1/256 0.00117 0.1 0.00285 09 0.00493 1.1 0.00708 1.3
1/512 0.00058 1.0 0.00177 0.7 0.00255 1.0 0.00352 1.0
1/64 0.00300 - 0.02056 - 0.03031 - 0.04964 -
8 1/128 0.00149 1.0 0.00851 13 0.01793 0.8 0.02987 0.7
1/256 0.00092 0.7 0.00422 1.0 0.00762 1.2 0.01141 1.4
1/512 0.00056 0.7 0.00211 1.0 0.00368 1.1 0.00524 11

Table 3.6. Convergence results for the n-sided shape undergoing curvature flow in Figure
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Figure 3.19. Evolution of a three-dimensional analogue of a T junction subject to curvature flow (T =
computed on a 128’ grid).

e=0" e=2h €=4h €=6h
h d; order dj order dj order d; order
1/64 0.00529 - 0.02705 - 0.05866 - 0.16831 -
1/128 0.00279 0.9 0.01396 1.0 0.02469 1.2 0.03578 2.2
1/256 0.00147 0.9 0.00709 1.0 0.01225 1.0 0.01722 11

Table 3.7. Convergence results for the curvature flow illustrated in Figure

3.10.4 Triple lines in three dimensions

The VIIM easily extends to three dimensions and correctly handles the three-dimensional analogues
of triple points. Figure shows the evolution of a “three-dimensional T junction”, composed
of four triple lines meeting at a single quadruple point, subject to curvature flow with Neumann
boundary conditions. The shape is evolved over a time of T = ;= ~ 0.122 (corresponding to 500
time steps on the coarsest grid). We observe qualitatively that the surfaces make 120° angles at triple
lines, which is one of Plateau’s laws on the shapes of soap bubbles in a foam. Using grid refinement
to measure convergence, Table [3.7|shows that the VIIM has first order convergence in both space

and time.

3.10.5 Three-dimensional analogue of von Neumann-Mullins’ law

The two-dimensional von Neumann-Mullins’ law was recently generalised to three or more dimen-
sions and provides a formula for 4% involving a “mean-width” [62], for multiphase mean curvature
flow. In particular, the growth rate is no longer a function based purely on the topology (as it is in
two dimensions) and can depend on the particular shape of the phase/region. In [62], a formula is
given for calculating £¥ for a region approximated by a polyhedron, assuming that the polyhedron
makes 120° angles at triple lines. It is reasonable to consider using this formula as verification in the
same way that we did with the two-dimensional von Neumann-Mullins’ law. However, the resulting
formula for 47 is sensitive to the angles that the polyhedron makes at triple lines, which makes
prediction of 2 using this method noisy.

Instead, we test the VIIM on a known solution for curvature flow that has a self-similar evolution,
namely by using a shrinking Reuleaux tetrahedron, which is an analogue of the two-dimensional
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Figure 3.20. Evolution of a Reuleaux tetrahedron shrinking under multiphase curvature flow (T = 0.025, computed
on a 128% grid).
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Figure 3.21. Plot of the error in the computed value of %VZB for the shrinking Reuleaux tetrahedron in Figure
|T_Z5| The slope of the line is 0.85.

e=0" e=2h e=4h €=06h
h d; order d; order d;, order d; order
1/64 0.00397 - 0.01774 - 0.09394 - 0.16874 -
1/128 0.00193 1.0 0.00838 1.1 0.01788 2.4 0.04128 2.0
1/256 0.00096 1.0 0.00415 1.0 0.00778 1.2 0.01187 1.8

Table 3.8. Convergence results for the curvature flow illustrated in Figure

Reuleaux triangle. This is a tetrahedron with spherical sides that satisfies Young’s law where its edges
meet at planar surfaces. The shape and its evolution is shown in Figurem It satisfies £ V23 = C
where C ~ 5.2885is a constantﬂ We compute the error between the exact value for 4 V2/ and that
of the simulation (obtained via the slope of a linear regression of V'3 over 50 equally spaced points
in time). The results are shown in Figure and Table 3.8/ and shows that the VIIM once again
obtains convergence as h — 0 for every value of €.

>The volume of a Reuleaux tetrahedron having spherical sides of radius r is V(r) = Cyr’ where Cy := %n -
Zcos 1 + %; its surface area is S(r) = Csr* where Cs := 4(2m — 2 cos™' 1). Since x = 2, we have that under

self-similar curvature flow, % V= S%. It follows that % Vs = %V_% % V= ?C;M Cg =: C ~ 5.28854633.
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3.10.6 Summary of convergence results

The preceding shows that the Voronoi Implicit Interface Method converges under several different
tests. The convergence tests were in both time and space, verifying that the method correctly com-
putes complex flows in a converged manner: first order convergence was obtained in almost all
cases. The method yields the correct evolution in the case of two phase flow, yields a flow satisfying
Young’s law, and matches von Neumann-Mullins’ law in two dimensions and can be used to accu-
rately predict growth rates in three-dimensions. In these multiphase systems, using Eulerian based
PDE methods, first order accuracy at triple junctions is probably all that can be expected in this
framework. Further comments about the order of accuracy are discussed at the end of this thesis.

3.11 Concluding remarks

In summary, the VIIM provides a mathematically consistent framework for tracking the interface
in multiphase problems. Its main features include:

o Single representation. In its mathematical form, only two functions are used for the entire
multiphase system, the unsigned distance function, and indicator function. Numerical imple-
mentations can use this formulation, or, at the expense of implementing more complicated
data structures, can use a multi-valued level set function for increased numerical accuracy.

« Consistency. By construction, regions of overlap or voids cannot occur. Additionally, the
method is consistent with level set methods in the case of two-phase flowf]

o Accurate calculation of geometric quantities. Geometric quantities, such as the normal and
curvature of the interface, can be calculated accurately.

o Dimension independent. The formulation works in any number of spatial dimensions with no
change to the fundamental algorithm.

o Topological changes. Complex configurations in the interface, as well as changes in topology,
are automatically handled by the framework.

o Accurate, efficient, and robust. Convergence tests indicate the method is generally first order
accurate in both space and time, while efficiency is gained through the use of narrow banding.

o Ability to couple to physics. Interfaces can evolve in such a way that time has physical meaning,
and the method can be coupled to complex physics. This is demonstrated in the following
chapter with several multiphase fluid flow applications.

>Except for pathological cases such as “interface fattening” in curvature flow; further comments are provided in
Chapter 8]
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The core idea of the VIIM is that the motion of surfaces nearby the interface determine the motion
of the interface itself. Thus, the motion of the e-level sets in some sense regularises the motion of the
interface, even when the interface contains junctions. In particular, through the use of the Voronoi
interface, the motion of the interface is essentially the average of the motion of neighbouring level
sets. For example, in a curvature flow problem, triple points naturally move to satisfy certain angle
conditions. As another example, if during one step, on one side of the interface the level sets move
with speed y,x under curvature flow, and on the other side of the interface, they move with speed
y2k, then the net result is that the interface moves with speed 3 (y; + y,)«. This property is exploited
in the next chapter in order to simulate curvature flow with variable coeflicients of curvature.
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Chapter 4

Applications of the VIIM

In the following, several example applications of the VIIM are presented. These include simple
geometric and advection problems, as well as multiphase curvature flow with constraints in which
curvature coefficients can be defined on a per-phase basis. A multiphase incompressible fluid flow
solver is also developed, in which density, viscosity, and surface tension can be defined on a per-
phase basis. In particular, convergence during topological change is demonstrated by analysing a
“T1 event” driven by surface tension. Several applications of the fluid solver are shown, including
the dynamics of cluster breakup in shear flow, bubble rising phenomena, and implementing general
domains through the concept of an “exterior phase” in the VIIM.

4.1 Geometric flows

4.1.1 Constant speed normal driven flow

We first consider an example in which the interface moves in its normal direction with a constant
speed that can change depending on the type of interface. A physical example corresponds to each
phase being assigned a bulk energy density and the entire system evolving to minimise the total
bulk energy. Under gradient descent, the interface between phase i and phase j moves with a speed
proportional to the difference between bulk energy densities in phase i and j. In general, we may
specify the speed F;; of interface I';; in the normal direction pointing from phase i into phase j. Thus
we must require F;; = —F;;. The equation of evolution for ¢ is given by

¢t + Fext|v¢| =0,

where Fey is an appropriate extension speed, computed by Fe(x) = F;; where x is inside phase i,
and j is chosen such that x is closest to I};. This uniquely defines j everywhere except on a set of
measure zero, where one may choose any such j. This ambiguity does not affect the results of the
VIIM, due to its underlying regularisation properties.

Figure 4.1 shows the results of two- and three-dimensional simulations of a system with three
phases, composed of two circles (spheres in 3D), denoted by G=Green (left) and B=Blue (right), and
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2D

3D

Figure 4.1. Results of a constant speed normal driven flow such that Green and Blue grow with unit speed into
White and stop at each other: Fgw = Fgw =1, Fgg = 0. The initial radii of the circles (spheres) is 0.1 with a
separation of 0.3 between their centres.

an exterior phase (W=White), such that both Blue and Green expand into White with unit speed,
Fgw = Fgw = 1, but neither Blue nor Green is allowed to advance on the other, Fzg = Fg = 0. The
resulting evolution is simply two circles (spheres) growing in size such that they do not overlap. In
the last frame of the 3D simulation in Figure[4.1} a sector has been cut away to show that the interface
I'gg is correctly obtained. In this and the next example, the frames are from a simulation computed
on a 256 x 256 (x 256) grid in the unit square (cube), with € = 0*.

Figure 4.2|shows the results of a similar system but with Fy, =1, Fpyy =1, Fgp = 1. Here White
expands into Green, which in turn expands into Blue, which in turn expands into White. This type
of flow generates two spiraling triple points in 2D, and a spiraling circular triple line in 3D, the
positions of which do not change. A large number of turns is obtained, and the thickness of the
spirals is limited by grid resolution. This example is discussed in [41], in which a mathematical
framework, called the “vanishing surface tension” limit, is derived for studying two-dimensional
multiphase systems whose evolution is governed by constant normal driven flow. The results in
Figure [4.2| of the VIIM applied to this problem correspond to adding an artificial surface tension
with strength proportional to the grid size h.

4.1.2 Advection by an external velocity field

In this example, the interface is advected by an external velocity field, such as one that might arise
from rotation or translation. The equation of evolution is given by a pure advection equation, namely

¢, +u-Vep=0.

In Figure (4.3} two- and three-dimensional simulations are shown using a constant velocity field that
implements rotation. Here, a simple second order ENO upwinding scheme for the advection term
and forward Euler in time was used. The simulation was computed on a 256 x 256 grid in 2D and a
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2D

3D

Figure 4.2. Results of a constant speed normal driven flow where White expands into Green, which in turn
expands into Blue, which in turn expands into White, all with unit speed (Fyg =1, Fpw =1, Fgp =1). This flow
generates two spiraling triple points in 2D and a spiraling triple line in 3D that do not change position, where the
thickness of the spirals is limited by grid resolution. The initial setup is two non-overlapping circles (spheres) with
radii 0.175 and a separation of 0.2 between their centres. In the 3D case, a quadrant has been cut away to render
the inside structure visible.

seoaw
auw

t=0 t=

2D

3D

=)

Figure 4.3. Advection by an external velocity field that implements counterclockwise rotation such that t =2
corresponds to one complete revolution about the indicated origin (axis of rotation pointing up in the case of 3D).
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1923 grid in 3D, applied to an initial set of 17 phases in 2D and 28 phases in 3D, with € = 0*. Under
this flow, the area (or volume) of each phase should be conserved, and we can perform a simple
convergence test of this property. For a 2D case, let e be the error in conserving the area of each
phase, measured by calculating the maximum deviation in area over the time interval 0 < t < T and
summing this over each phase, i.e.

e= i max |Ai(t) - A;(0)], (4.1)

07 te[0.T]

where N is the number of phases and A;(t) is the area of phase i at time ¢. For the 2D simulation
shown in Figure[4.3] the error e as a function of grid size is shown in Table[4.1} For this example and
the associated numerical scheme, most of the numerical error in time and space is concentrated at the
junctions. These occupy small regions of space and therefore contribute a small amount to the error
in area conservation, and explains why the convergence rate observed in Table4.1/is predominantly
superlinear.

4.1.3 Mean curvature flow with constraints

In the previous chapter, Figure[3.15|showed an example in which the VIIM was applied to multiphase
curvature flow. Here, the curvature flow equation is adapted to allow constraints.

Volume conservation

By adding a discontinuous source term to the right hand side of the mean curvature flow equation,
the VIIM can simulate mean curvature flow with volume conservation. The modified forward Euler
step is

¢n+1_¢n n n n n
L A— + ,
oyl s l9g
where
"(x) VP~ V" here i is such that x € O (4.2)
s"(x) = ———L  where i is such that x i\ .
ATAL

Here V" denotes the volume (area in 2D) of phase i at time step n, V° is the initial volume (area) of
phase i, and A” is its surface area (perimeter in 2D) at time step #. In effect, the source term s"|V ¢”|

n error e order
32 0.051121 -

64 0.016945 1.6
128 0.004958 1.8
256 0.001480 1.7
512 0.000535 1.5
1024 0.000316 0.8

Table 4.1. Convergence analysis for area conservation corresponding to the two-dimensional simulation of Figure
Here, the error e is measured using (&) with N =17 phases and a grid size of n x n.
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t=0.0004 . . t=0.1

Figure 4.4. Mean curvature flow (y = 1) with area/volume conservation on a set of 100 randomly created phases
(zero Neumann boundary conditions). By the time ¢ = 0.1, the solution has approximately attained equilibrium.
(Top) Two-dimensional results, computed on a 256 x 256 grid on the domain [0,1]* (approximately 13,000 time
steps, taking about 20 minutes on a quad core laptop). (Bottom) Three-dimensional results, in which a selection
of phases have been coloured solid, computed on a 128° grid in a unit cube (approximately 3,300 time steps,
taking about 150 minutes on an eight-core desktop).

grows or shrinks each phase equally around its boundary by an amount that corrects for any mass
loss/gain. The volumes and surface areas of each phase at time step n are calculated by extracting
the interface as a triangular mesh (polygon in 2D) using the method described in Section

Despite each phase potentially growing or shrinking at different rates, the VIIM robustly and
smoothly handles the discontinuity of the source term and conserves volume almost exactly. In
Figure[4.4} the method is demonstrated in two and three dimensions on a set of 100 initially random
phases, using zero Neumann boundary conditions. Mean curvature flow minimises perimeter (sur-
face area in 3D), which, subject to the constraint of area (volume) conservation, eventually attains
an equilibrium. We see this in Figure and in particular, one can observe various topological
changes occur and at all times triple junctions have 120° angles.

Volume targeting

One can easily replace the constant V;° in the source term in with any constant. In particular, we
can evolve a multiphase system under mean curvature flow to an equilibrium that has all phases with
the same volume. Figure[4.5/shows the resulting evolution for the same set of phases used in Figure
In the two-dimensional case, the system ultimately attains a shape similar to a honeycomb. The
best arrangement of tiles (in two dimensions) having the same area and minimal perimeter is known
to be a honeycomb, but in the three-dimensional case the situation is less well-known.
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t=0.0004 t=0.001

Figure 4.5. Mean curvature flow (y =1) with area/volume targeting, so that every phase ultimately has the same
area/volume (zero Neumann boundary conditions). By the time ¢ = 0.1, the solution has approximately attained
equilibrium. (Top) Two-dimensional results, computed on a 256 x 256 grid on the domain [0,1]>. (Bottom)
Three-dimensional results in which a selection of phases have been coloured solid.

Different surface energy densities

One interpretation of curvature flow is that it corresponds to gradient descent on an energy func-
tional measuring the surface energy of each interface. If all interfaces have the same surface energy
density, then there is a global coefficient of curvature y and the 120° angle Young’s law holds. One can
generalise this to the case where each interface I;; has different surface energy densities, i.e. different
coefficients of curvature. In this situation, a generalised Young’s law states that the angles 0, of a
triple point satisfy

sinf; sin6; sin6;

Yk Yik Vij

where 0; is the angle in phase i and yj is the coefficient of curvature of I'j;. Coefficients can be
specified on a per-phase basis (rather than a per-interface basis), so that phase i has coefficient
yi. For mean curvature flow, this naturally leads to interface I}; having an effective coefficient of
curvature of y;; = 3(y; + y;). Allowing different phases to have different coefficients of curvature
can easily be implemented in the VIIM. The modified mean curvature flow equation is

> (4.3)

¢: = yx|V¢|, wherey(x)=y;andi= y(x),

that is, the coefficient of curvature used in any finite difference updates is determined based on
which phase occupies the grid point in question. The discontinuity in y(x) across the interface is
easily handled by the VIIM, owing to the motion of the e-level sets that exist solely in one phase.
In Figure[4.6} the method is demonstrated by choosing a set of 100 random phases, with half being
assigned a curvature coefficient of y; = 0.1 (white phases) and the other half a coefficient of y; = 1
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t=0.0004

Figure 4.6. Mean curvature flow with area targeting, so that all phases ultimately have the same area, with
variable coefficients of curvature: blue phases have y =1, while white phases have y = 0.1. By the time t = 0.1, the
solution has approximately attained equilibrium. Simulation computed on a 256 x 256 grid in the unit square, with
zero Neumann boundary conditions.

(blue phases), moving under curvature flow with area targeting. According to Young’s law (4.3)), if
three white phases or three blue phases meet at a triple point, then they do so at 120° angles. If two
white phases and one blue phase meet at a triple point, the blue phase makes an angle of 170°, while
the two white phases make 95° angles. If two blue phases and one white phase meet, the angles
are 155.5° and 49°. This is observed in Figure in which the blue phases surrounded by white
phases are approximately circular. By using a suitably modified von Neumann-Mullins’ law, it was
confirmed that the VIIM correctly converges to a solution satisfying the generalised Young’s law

(4.3)

4.2 Fluid flow with permeability

Aside from geometric examples, the VIIM can also be applied to multiphase evolution determined by
complex physics, and this is demonstrated here by coupling the method to multiphase incompressible
fluid flow. As motivation, consider simulating the dynamics of a dry foam. A foam is a system of
gas bubbles separated by a liquid component, and is considered “dry” when the fraction of volume
occupied by the liquid is less than 10% [63]]. In this case, the liquid forms a connected network
of thin films separating the gas bubbles. These interfaces are flexible, exhibit surface tension, and
meet at junctions (triple points in 2D and Plateau borders in 3D) with 120° angles. The membranes
may also be permeable to the gas, so that gas can diffuse from one bubble to its neighbour, and this
leads to “diffusive coarsening”: bubbles with a large number of faces grow in size at the expense of
bubbles with a small number of faces which shrink. As a foam evolves due to coarsening or any other
dynamics, bubbles can change neighbourship with other bubbles, leading to complex topological
changes, especially in three dimensions.

One can model the dynamics of a dry foam by considering the fluid mechanics of the gas phase
coupled with membrane surface tension and permeability. For simplicity, here we consider the case
where the membranes can be idealised as massless and infinitely thin, ignoring effects of liquid
flow inside these membranes] This system was studied by Kim et al. [16} [I7], using an immersed

' A multiscale model that considers both macroscale gas dynamics and microscale liquid dynamics is developed in
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boundary method. In that work, fluid mechanics of the gas were coupled to the evolution of the
interface, allowing large shear forces to be applied to foams far from equilibrium. Two-dimensional
motion was considered, and topological changes were not allowed.

In the following, we develop a multiphase fluid flow solver that works in both two and three
dimensions and automatically handles topological changes. Suppose there are N phases, labelled
i =1,...,N. Each phase satisfies the incompressible Navier-Stokes equations with density p; and
viscosity ;. Consider now an interface I';; between phase i and phase j, having surface tension o;;.
The interface provides a force of surface tension that induces a pressure jump across the interface of
[p] = 0ijx where « is the mean curvature of the interface (measured with an orientation consistent
with defining the pressure jump [p]). When there is no permeability, the interface is advected by the
velocity u of the fluid, assumed to be continuous across the interface. When there is permeability,
the rate of diffusion of gas/fluid is proportional to the pressure difference [63]]. Here, the approach
used in [[16] is adopted, whereby permeability is modelled as a slip of the interface in the normal
direction relative to u. The velocity of the interface in this case is thus u — Mo;;jxn, where M > O is a
physical parameter denoting the amount of permeability, and n is the unit normal of the interface
(with the same orientation as that used to calculate «).

In practice, any discontinuities in density and viscosity of the fluid across the interface must be
regularised. A standard approach used in two-phase fluid flow problems (see the review [|64]), is
to smooth the density and viscosity across the interface, through the use of a smoothed Heaviside
function. In the multiphase case, we define

Zi:}\lJPiHc(ﬁbi)’ u(x) = Zi:;]#iHc(ﬁbi)’
Zi=1 Hc(‘pi) Zi=1 Hc(‘pi)

where ¢; is a signed distance function to the boundary of phase i (positive inside phase i) and H. is
a commonly used smoothed Heaviside function given by

p(x) = (4.4)

0 if x < —g,
H(x) =4 5(1+ %+ sinZ) if|x[ <, (4.5)
1 if x >¢.

Here, ¢ measures the width of the smoothing transition (and is usually denoted by ¢, but to avoid
confusion with the € used in the VIIM, is denoted differently here). In the following simulations,
the amount of smoothing was set to be ¢ = 2h. Note that in (4.4), the sum of Heaviside functions
has been used to normalise the quantities. This only matters at junctions, e.g. triple points, and is
required to ensure min; p; < p(x) < max; p; and min; y; < p(x) < max; y;.

Surface tension in the multiphase system is modelled as a body force through the use of a Dirac
delta function [64-66]. In a two-phase fluid flow problem, this force takes the form st = —ox§(¢) V¢
where ¢ is a signed level set function for the interface. In the multiphase case, we have multiple
phases which meet at triple junctions (and quad points in 3D), where “curvature” needs to be suitably
defined. It is both physically and mathematically natural to take the same definition applied to each

Chapter|6]
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phase separately, sum all of these, and normalise by a factor of two. This is physically consistent,
since in the case of a dry foam, each bubble is separated from the others by a thin membrane, and it is
mathematically natural because the resulting formula effectively enforces Young’s law at triple points.
To account for different interfaces having different surface tensions, we suppose that each phase
has an effective “surface tension” o; such that o;; = %(0,» + oj). This is similar to the case of variable
surface energy densities considered in Section Using this formulation for surface tension for a
multiphase system, we therefore define
1 N
Stz_EZ;OiK(¢i)6(¢i)v¢i’ (46)
i=
where ¢, is a signed level set function for phase i. Note that this gives the correct surface tension of
0;; = 3(01 + 02) on the interface between phase i and j. We also note that the normal vector V¢; is
not well-defined at corners, e.g. at a triple junction, but the “curvature times the normal’, x($;)V;,
is well-defined as a distribution, and is a Dirac delta function with magnitude related to the angle of
the corner.
Of course, in practice we must smooth the surface tension term onto the grid. One possible
approach is to use directly but with smoothed Dirac delta functions, i.e.

st = —% Z_; 0ik(¢:i)0:(4:) Vi,

where J. is a smoothed one-dimensional delta function, e.g. the derivative of the smoothed Heaviside

function in (4.5)),

1 nx ;

=(1+cos™) if x| <,

ai(x) = | s ) il < )
0 otherwise.

However, this method can suffer from excessive noise at triple junctions, due to the singularity in
the curvature and gradient calculations that are essentially decoupled. Better results are obtained
by instead mollifying the surface tension to smooth it, i.e. defining st := st * 7 where 6 is an n-
dimensional mollifier. This method exhibits less noise because the calculation of interface curvature
and normal are coupled together in a consistent fashion, using an explicitly reconstructed interface,
as follows. We have

st.(x) = (st d)(x)
= [ st()8:(x=y)dy

=32 [ 3000 (e(9)T8) (13 (x - y) dy
:—%lz:;/r:ai(;cn)(y) 0% (x—y)dS(y). (4.8)

We see that the n-dimensional convolution becomes a surface integral of xn weighted by the mollifier.
The formula further simplifies if we use a piecewise linear reconstruction of the interface I' = U; I},
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i.e. a polygon in 2D or polyhedron in 3D using the procedure in Section 3.8} since then xn is itself a
sum of delta functions with support on the vertices of the polygon or edges of the polyhedron. The
final resulting formula obtained with this approach is similar to that obtained in immersed boundary
methods and better treats the singularity in surface tension calculations at triple junctions. In the
following, the n-dimensional mollifier 67 (x) = [T}, 6.(x;) has been used, where &, is given in (4.7)
and x = (xy,...,x,), and was found to give accurate pressure calculations.

The equations of motion for the entire multiphase system are therefore the incompressible Navier-
Stokes equations with variable density, viscosity, and surface tension in the form of a body force, and
are given by

p(ut + (u-V)u) =-Vp+V- (/J(Vu + VuT)) +st.(¢) +F,
V-u=0,
¢ +u- V¢ = Mox|V¢|,

where p, u are given by (4.4), st. is given by (4.8), and F is any additional body forces (such as
gravity). To solve the Navier-Stokes equations numerically, a first order in time, second order in
space, variable density approximate projection method [67] is used, based on Chorin’s projection
method [[68]. Briefly, the scheme is as follows: suppose u” and ¢” are known at time step n, then
compute

¢" = ¢" - At(u-V¢)" + AtMa(k|V¢|)"

using a second order ENO upwinding scheme for the advection term, standard central differences
for the curvature term, and reconstructing ¢ when necessary as an unsigned distance function using
the Voronoi interface. Using the Voronoi interface of ¢, a mesh is extracted and used to evaluate the
surface tension force, to produce an intermediate velocity field u* satisfying

u —-u” 1

v + (u. Vu)“ _ W(v . (#(¢n+l)(VU+ VuT)nJrl/z) + Stq((/)nH) + Fn).

Here, a second order upwinding ENO scheme for the advection term is used, and Crank-Nicholson
is used for the diffusion term, leading to an implicit equation for u*. Note that there is a mixture of
explicit and semi-implicit terms, and that the density/viscosity and forcing terms are evaluated at
different points in time. Combined, these choices lead to a simple time-stepping method which is
first order and relatively stable. The scheme calculates an intermediate velocity field u* which is not
necessarily divergence-free. In the projection step, we find the velocity at time step n + 1 by solving

un+1 —u* vpn

At p(pm)

where the pressure p is computed such that V-u"*! = 0. This leads to the variable coefficient Poisson
equation

v-(WIM)Vp”) - Aitv-u*.
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This in turn can be solved by using a variable coefficient Poisson solver, based on a finite element
method, together with Neumann boundary conditions. For more details, see the schemes developed
in [|67]]. In this work, the implicit equation for u* has been solved using a simple Conjugate Gradient
scheme, while the projection method was implemented with a variable coefficient multigrid solver.
The entire multiphase fluid flow solver has also been parallelised with MPI.

4.2.1 Testing convergence during topological change

In a multiphase fluid flow calculation, accurately simulating topological changes represents a sig-
nificant challenge. Here, convergence tests are performed to examine the ability of the VIIM and
the Navier-Stokes solver to accurately calculate the evolution of a “T1” topological change in a two-
dimensional foam. A TI change (see [[63]) is one in which two triple points come together and
temporarily form a quadruple point, which then splits apart into two different triple points. During
this process, an interface between two phases is destroyed and a new interface between the other
two phases is created.

As a specific example, consider the situation shown in Figure whereby two long and thin
phases split apart from each other. The domain is [0, ] x [0,1] and periodic boundary conditions
are used, so that the velocity field is periodic on all four sides of the domain, and the interface
is periodic on the bottom and top boundaries. In Figure the flow of liquid is indicated by
drawing representative streamlines, together with a density plot of the stream function v (satisfying
~Ay = —dyu + d,v). During the evolution, the two long and thin phases (labelled €2, and ;) begin
to retract so that their triple points merge. At time ¢ ~ 0.038, two quadruple points instantaneously
exist before splitting, so that phases ), and (), are no longer in contact, while ()5 and Q4 are now in

Q

& @
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@&T@
D

t=0.038 t=0.042 t=0.1

Q3 Ql Q4

Figure 4.7. Evolution of a four-phase fluid system which has two T1 topological changes. Streamlines are shown,
and the colours indicate the magnitude of the stream function y. At t = 0, a schematic is illustrated of the initial
condition having periodic boundary conditions on the bottom and top (and the velocity field is periodic on all four
sides). Due to local effects of surface tension, the triple points start to retract (¢ = 0.008), temporarily form two
quadruple points (¢ ~ 0.038), which then split apart (¢ = 0.042), by which point Q; and Q, have detached from
one another.
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Time of T1 event Evolution
h Ti(h) Ti(2h) - Ty(h)  order d order
1/64 0.050781 - - - -
1/128 0.044470 0.006311 - 0.008390 -
1/256 0.040723 0.003748 0.8 0.007231 0.2
1/512 0.038704 0.002018 0.9 0.005036 0.5
1/1024 0.037512 0.001192 0.8 0.002720 0.9

Table 4.2. Convergence results for the evolution in Figure Here, Ti(h) is the time of the T1 event on grid
with cell size h, and supposing that to leading order, Ty(h) = to + Ch?, the order column calculates p by using
ratios of Ty(2h) — Ty(h). In addition, d;, = d(T}, I2;) measures the difference in interface evolution, in space and
time, over the time interval 0 < ¢t <0.1.

contact. The system is near steady-state by the time ¢ = 0.1. In this example, phases {); and Q, have
o; = 10, while phases Q; and Q4 have o; = 1. These values of 0; were chosen to make a T1 change
favourable for the geometry considered here. In particular, the final state has much less surface
energy than the initial configuration. To complete the specification of the physical parameters, the
density and viscosity of all four phases have been setto p =1and y = 0.1.

With a grid size of £ x n (so that & = 1/n), a convergence analysis is performed on the computed
time of the T1 event, and grid convergence for the evolution of the interface is measured. Let T;(h)
denote the time of the topological change computed on a grid with cell size h. This time is calculated
by detecting the first instance of when an interface between phase Q; and phase Q4 is born. Since the
time step At is coupled to h, we may suppose that T;(h) = ty + O(h?) and measure the convergence
rate p, where t, is the precise time of the T1 event. In addition, let d, := d(T},T,,) denote the
difference in interface evolution for grid sizes h and 2h, measured using the L! norm in time and
the Hausdorff metric in space; see (3.8). This is the same method we used in §3.10] to measure
convergence of the interface location in both space and time. Table 4.2/ contains the results of these
convergence measurements for the numerical method, computed on grid sizes of 32 x 64 to 512 x1024.
We see that the time of the T1 event is predicted with near first order accuracy, and that the VIIM
successfully converges in both space and time, accurately predicting the evolution of multiphase
fluid dynamics through a topological change.

4.2.2 Application to dry foams

To demonstrate the application of the VIIM to dry foams, we consider a foam that is being agitated
by a strong external force, such that the foam is first spun counterclockwise, settles momentarily,
and then is spun clockwise for the same amount of time. Results are shown in both two and three
dimensions, for cases with and without permeability.

Two-dimensional results

The simulation parameters are as follows. The domain is a unit square [0, 1]? with periodic boundary
conditions, and all phases have the same density and viscosity, with p = 1, o = 1, g = 0.005. These
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parameters do not necessarily correspond to a specific physical problem, but are chosen so that
effects of inertia, viscosity, and surface tension are of similar importance. To implement the agitator,
an external force F in the Navier-Stokes momentum equations is used, given by

F(x,y,t) =15(sinmx sin2my, - sin 2wx sinmy) sint,  0<x,y <1,

which corresponds to a spinning force, in the counterclockwise direction about the centre point
x =y =3 for 0 < t <1, and clockwise about the centre point for 1 < ¢ < 2. The factor of 15 in F
has been chosen to give a relatively strong shearing/spinning force that dominates the stabilisation
effects of surface tension.

A case with no permeability, i.e. M = 0, is shown in Figure[4.8] Starting with 25 random phases,
the Navier-Stokes equations are evolved with the agitator forcing on a 256 x 256 grid, using the e = 0*
method in the VIIM. The figure illustrates the results with plots of phase evolution, streamlines
and stream function, and pressure fields, over five different points in time, t ~ 0, 0.5,1,1.5 and 2,
corresponding to extremums in the agitator forcing. We see that there is significant shearing, causing
considerable rearrangement of the phases and several topological changes. The stream function plots
show how the flow is strongly affected by the agitator forcing, but is also localised in nature to due to
effects of surface tension. The pressure plots show how capillary waves are generated as the system
evolves.

Next, a case with permeability is considered, with M = 0.04. This leads to significant coarsening
over the time interval 0 < ¢ < 2. Starting with the same configurationf|as in the previous example,
Figure 4.9|illustrates the results. The simulation was performed on a 1024 x 1024 grid with periodic
boundary conditions and € = 2h in the VIIM. Despite strong shearing and complicated fluid-interface
interaction, the fluid flow is incompressible and so von Neumann-Mullins’ law describing the rate
of change of area of each phase should nevertheless hold, and gives

d—A = 271M(7(E - 1),
dt 6

where 7 is the number of sides of a particular phase (or one of its connected components if it has
more than one component). The area as a function of time for some of the phases in this simulation
are plotted in Figure Similar to the plot obtained in the convergence tests (i.e. Figure[3.16)), we
see that the area of each phase is a piecewise linear function of time, with slope a function of the
number of sides only, in excellent agreement with von Neumann-Mullins’ law, even in the presence
of complicated fluid flow.

Three-dimensional results

We now consider a three-dimensional analogue of the agitator. The domain is a unit cube [0,1]* and
the external force is essentially the same but with no forcing in the z—direction, i.e.

F(x,,z,t) = 15(sinmx sin 27y, —sin27x siny, 0) sinmt, 0<x,y,z<1,

*The factor in the external force F has been decreased to 10 in this example.
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Figure 4.8. Results of a fluid flow simulation with an external agitator force, without permeability.
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Figure 4.9. Results of a fluid flow simulation with an external agitator force and permeability.
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area A(t)

Figure 4.10. Area as a function of time for some of the phases in the simulation of Figure Each line
corresponds to a different phase, and the colour and style is determined by the number of sides that phase had at
that particular instant.

which corresponds to a spinning force about a line with coordinates x = y = 1. Other parameters
are left unaltered, i.e. p =1, 0 = 1, y = 0.005 and periodic boundary conditions are used.

Two cases are considered: without permeability (M = 0) and with permeability (M = 0.05). We
start with 125 random phases and evolve the Navier-Stokes equations with the agitator forcing; Figure
[4.11)illustrates the results over five different points in time, ¢ ~ 0,0.5,1,1.5 and 2. The simulation was
performed on a 128 x 128 x 128 grid with periodic boundary conditions and € = 0*. We have coloured
solid 13 representative phases in order to visualise the bulk flow of the agitation. The velocity field is
illustrated by freezing the velocity field and drawing streamlines seeded from a random set of points,
for each time frame. The streamlines are coloured according to the azimuthal component of the
velocity field, relative to the centre line of the agitation, computed by u - § where

(-y+3x-30)
[Cy+ D2+ G- D2

is the azimuthal tangent vector corresponding to a cylindrical coordinate system with centre line
x = y = 3. Thus, the colour of the streamlines give an indication of the direction the flow is
spinning about the centre line, where green means counterclockwise (looking down from the tip
of the indicated arrow), and blue means clockwise. When the forcing is at its maximum, i.e. when
t =0.5and t = 1.5, the fluid flow is predominantly in the direction of forcing. At intermediate times,
effects of surface tension are more apparent and the flow is more localised in nature. This is especially
noticeable in the case of no permeability, in which the stabilisation effects of surface tension act more
quickly to decrease the momentum gained from the agitator forcing. As in the two-dimensional
case, there is significant rearrangement of phases, with several topological changes.

b = (4.9)
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no permeability, M = 0 with permeability, M = 0.05

t=0.01

t=0.5

t=10

t=15

t=2.0

-3 -15 0 15 3 -3 -15 0 15 3
Figure 4.11. Results of a fluid flow simulation with an external agitator force in three dimensions, with and
without and permeability. Streamlines are coloured by the azimuthal component of the velocity field, computed
by u- @, where  is defined in (&9).
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4.2.3 Phase-dependent fluid properties

In the next application, the VIIM is coupled to multiphase fluid flow with variable density and
viscosity. This is demonstrated with a foam that has one phase more dense and more viscous than
the other phases. In addition, this phase initially has several components dispersed throughout the
foam. Under the action of gravity, the heavier phase sinks and the surrounding less dense phases
rise. This process depends on the competing effects of surface tension at triple junctions and gravity:
regions of denser liquid need to be sufficiently large in size for the force of gravity to dominate the
stabilisation effects of surface tension. As the system evolves, and the components of the heavier
phase sink, they merge together, forming a pool of liquid at the bottom. In these examples, the effect
of different interfaces having different surface tensions is also demonstrated, giving rise to triple
junctions with different angle configurations.

The parameters of the simulation are as follows. The domain () is the unit square (unit cube in
3D), and slip boundary conditions on the velocity field are employed, given by

u-n=0, @-no, on 0Q,
on

where n is the normal to the boundary and 7 is any tangent vector to the boundary. Identifying the
heavy phase with the label #, the density, viscosity, and surface tension for each phase i is set as

(pir i, 07) = (1,0.005,0.1)  ifi="H,
Pi-f091) =1 (0.1,0.00005,0.01) ~ otherwise.

The system therefore has density ratios of ten and viscosity ratios of 100, in such a way that there is a
Reynolds number ratio of ten (using the same velocity and length scales independent of the phase).
Due to the different surface tensions, there are also different triple junction angles. According to the
generalised Young’s law (4.3), the angles (6;, 0;, 6x) made by phases i, j, k at a triple point are

(120°,120°,120°)  if none of 4, j, k equal H,

(65,65, 0x) = { (170°,95°,95°) ifi =M and j, k + H. (410)

Permeability is set to zero, M = 0, and the external force F in the Navier-Stokes equations is given
by gravity, F = pgg, where ¢ = 5 and § is a unit vector pointing down. Once again, while these
choices of parameters may not necessarily correspond to a particular physical situation, they have
been chosen to illustrate the various effects of variable density, viscosity, and surface tension.

A 90° contact angle model has been implemented, whereby the interface meets the boundary
of the domain at 90° angles. Since the unsigned distance function ¢ in the VIIM is advected only
by u, and u satisfies slip boundary conditions, it is inappropriate to specify boundary conditions
on ¢. Instead, the contact angle model is implemented through the surface tension force in the
Navier-Stokes equations: the force drives the velocity field which in turn restores 90° angles in the
interface. This is implemented in the same way that would occur if the contact point was considered
to be an imaginary triple point that was allowed to move only tangentially along the boundary.

Finally, some remarks about connected components and merging and breaking: just as in the
standard level set method, the VIIM easily and automatically handles merging and breaking, which
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means the number of connected components of any particular phase can change over time, depend-
ing on the dynamics driving the evolution of the interface. In the following simulation, we make
the analogy that the heavier phase H is a liquid embedded in a foam of gas bubbles, and then these
connected components are used in two distinct ways:

« The heavy phase H will initially have several connected components of various different sizes.
Due to the external force of gravity and the higher density of phase #, these components will
tend to sink to the bottom and merge together, forming a pool of liquid at the bottom of the
domain. Thus, we rely on the VIIM to handle the merging of the different components of
phase H into fewer connected components. All these components have the same identifier in
the indicator function y.

o On the other hand, the less dense phases are thought of as making a “gaseous foam”, in which
merging of different bubbles of gas is not allowed. Thus, here we choose to not allow any of
the less dense phases to have more than one connected component. This means that, as the
simulation evolves, if one of these phases splits into two components, then each component is
separately given a new unique identifier, thereby preventing re-merging at a later point in time.
As a result, at the end of the simulation we often have more than the initial number of phases.
This choice is a simple model of the complex multiscale phenomena of foam production,
whereby microscale dynamics of thin-film membranes, surfactant flow, and surface tension
determine the macroscopic creation and evolution of foams.

Two-dimensional results

We begin with a two-dimensional simulation of the above variable density fluid flow problem. Figure
illustrates the results, starting with the configuration shown at time ¢ = 0, and is computed on a
256 x 256 grid with slip boundary conditions, with € = 0*. Here, the heavier phase, initially having
nine separate components of circular shape, is coloured orange. The other phases, of which there
are initially approximately 35, are coloured shades of blue and green. Figure shows snapshots of
the simulation at different times of note, showing plots of phase evolution, streamlines and stream
function, and pressure fields.

We note several features of the results. Most of the components of the heavy phase # (shown in
orange) sink to the bottom. In particular, the component initially attached to the top, first falls down,
leaving behind it a trailing tail. It then detaches from the top boundary, forming a jet that quickly
retracts (as seen at ¢ = 1.32). On the other hand, the two smallest components of the heavy phase do
not sink, and remain embedded in the foam at time ¢ = 1.81. Here, the local forces of surface tension,
particularly at the triple points, dominate the force of gravity and prevent them from falling. This is
similar to an air bubble at the surface of water: depending on its diameter, the bubble can range from
being almost fully submersed and spherical in shape to entirely on the surface with a hemispherical
shape.

By the time the component of # initially at the top merges with the other components at the
bottom, it has gained a large amount of momentum. This causes some less dense phases to break
off from the bulk and be submerged (see, e.g., time ¢ = 0.92). These two bubbles, still submerged
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Figure 4.12. Results of a fluid flow simulation with gravity, in which the orange coloured phase is more viscous
and more dense than the other phases.
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Figure 4.13. Results of a fluid flow simulation in three dimensions with gravity, in which the orange coloured
phase is more viscous and more dense than the other phases. The bulk foam is rendered mostly transparent except
for the last frame, where it is rendered opaque to make the structure more prominent.

at t = 1.32, eventually rise due to buoyancy, and burst at the surface of #, at ¢ = 1.81. On the other
hand, near the bottom right corner, some less dense phases break off and remain attached to the
bottom of the square. Here, the local effects of surface tension implementing a 90° contact angle
model dominates the force of buoyancy, and the bubbles remain attached to the bottom.

From the streamlines, we can observe that the flow inside the heavier phase is more viscous,
since the streamlines there are more regular. One can also see that the pressure has larger gradients
inside the heavier phase, consistent with the liquid having a higher density there. Finally, we note
that the angles in the triple points are consistent with those predicted by Young’s law (4.10): the
heavier phase is nearly locally flat at triple points, while the less dense phases meet the heavier phase
at nearly 90° angles, and have 120° angles elsewhere in the foam.

Three-dimensional results

Figure illustrates the results for an analogous, three-dimensional simulation, computed on a
128% grid with slip boundary conditions, using € = 0*. The simulation starts with 15 components of
H, and there are approximately 100 of the less dense phases. For all but the last snapshot in Figure
the heavier phase H is coloured solid orange, while the other phases have been rendered mostly
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transparent, together with the triple line junctions as a network of curves. In the last snapshot, at
time ¢t = 1.8, the bulk foam has been rendered opaque, to make the structure of the foam more
obvious.

Various phenomena similar to the 2D case is observed. The large component of H initially
attached to the top falls down under the action of gravity, leaving behind it a tail that eventually
detaches. The tail splits into three components, much like a mean curvature flow on a dumbbell
splits into two components. The bottom two components continue travelling to the pool of liquid at
the bottom, while the top component remains attached to the ceiling of the domain, and stays there
due to the local effects of the 90° contact angle boundary condition dominating gravity. Meanwhile,
one other component (seen on the back left-facing wall) stays attached to the wall, unable to fully
sink, and this is again due to local effects of surface tension dominating effects of buoyancy. Finally,
we note that the heavier phase is locally flat at triple lines, while triple lines elsewhere in the foam
have 120° angles, consistent with the 3D analogy of the generalised Young’s law.

4.2.4 Additional fluid flow applications

In the last set of example applications of the multiphase fluid flow framework, some preliminary
results for two fluid flow problems are presented, in cluster breakup in shear flow, and in foam
generation.

Cluster breakup

In this example, a cluster of cells is subjected to shear flow in an enclosed square channel. Since
surface tension acting at junctions provides a type of “adhesion” between cells, a cluster made out
of cells with lower surface tension is more likely to break apart compared to one with high surface
tension. This is demonstrated in Figure a cluster of cells is suspended in a fluid of the same
density in a rectangular channel (square channel in three dimensions), and an external force pointing
to the right is applied, similar to the pressure gradient that arises in Poiseuille flow. Over time, this
force builds and eventually balances with viscous effects together with no-slip boundary conditions,
leading to a shear flow such that the fluid velocity at the centre of the channel is highest. The resulting
shearing eventually breaks apart the cluster. In Figure a moving reference frame is used that
follows the bulk of the cluster. The left and right pair shows two- and three-dimensional results, and
in each pair, the left uses a lower value of surface tension compared to the right. We can observe that
breakup occurs more quickly in the case with lower surface tension.

Foam generation

In the VIIM, it is straightforward to create phases during a simulation, as discussed in §3.7]of Chapter
This is demonstrated here with a foam generation problem, whereby gas bubbles are introduced at
the bottom of a container filled with liquid, as shown in Figure In particular, small gas bubbles
with diameter of about a few grid cells are instantaneously created at a random location at the bottom
of the chamber. These bubbles are then artificially grown to slowly increase their volume, as they rise
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Figure 4.14. Cluster breakup in shear flow; time progresses from top to bottom. Left pair: two-dimensional
example where the blue colour indicates the speed of the fluid velocity. Right pair: three-dimensional results. In
each pair, the left column has a lower value of surface tension than the right column.

Figure 4.15. Generation of gas bubbles which rise to the surface; time progresses from left-to-right.
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to the surface due to buoyancy effects, foaming a foam at the top. While this is not representative
of the complex chemistry and physics taking place in, say, boiling or nucleation of gas bubbles in
carbonated liquid, this example is included here to demonstrate the ability of the VIIM to handle
creation of phases.

4.3 Implementing general domains using an exterior phase

By freezing e-level sets in the VIIM, it is possible to create an “exterior phase” which does not move
and can be used to represent domains with a general shape. This is demonstrated here with two
applications in an annulus-shaped domain (Figures and[4.18) and in a torus (Figure[4.17). To
implement this, a phase representing the exterior of the annulus/torus is created and frozen in
time. Thus, the e-level set of the exterior phase essentially becomes a boundary condition in the
Voronoi interface reconstruction. In Figure[4.16} this idea is used to compute curvature flow with
area targeting so that every phase finishes with the same area. Note that 90° boundary conditions
naturally arise at the boundary of the annulus. In Figure an analogous flow is shown in three
dimensions for mean curvature flow with volume targeting so that every phase finishes with the
same volume. Figure shows a fluid flow problem, whereby the inner ring boundary of the
annulus rotates clockwise, and the outer ring rotates counterclockwise. These boundary conditions
are supplied to the Navier-Stokes solver by fixing the velocity field at each grid point exterior to the
annulus at the end of each projection step in the projection method. In the figure, we can see how
the resulting shearing effects causes the multiphase system to mix.
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Figure 4.16. Curvature flow with area targeting in an annulus.
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Figure 4.17. Mean curvature flow with volume targeting in a torus.
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Figure 4.18. Shear flow with inner ring rotating clockwise, outer ring rotating counterclockwise; phases are
coloured according to their initial position.
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Chapter 5

Mesh Generation for Interconnected Surfaces

In this chapter, a high-quality mesh generation algorithm for a network of interconnected surfaces
is presented. The development of the algorithm was motivated by the multiscale model for foam dy-
namics presented in the following two chapters: in that model, certain PDEs are solved numerically,
using the finite element method, on a network of curved thin-film membranes which evolve under
gas dynamics driven by surface tension. A mesh generation algorithm was therefore needed to auto-
matically generate high-quality meshes for a set of interconnected surfaces. The algorithm should be
able to reliably handle a wide variety of topologically complex situations, and mesh elements should
meet consistently at junctions, so that there are no gaps, overlaps or other artifacts. Furthermore,
in order to implement coupled boundary conditions at these junctions, it is advantageous for the
mesh to have the property that if two mesh elements meet at a junction, then they do so by sharing
a common edge, so that there are no hanging vertices. As shown here, all of these goals can be met
by capitalising on mathematical aspects of the Voronoi interface.

The mesh generation algorithm has essentially two stages: in the first stage, a topologically
consistent mesh is created that has no gaps, overlaps, or other artifacts at junctions. This step
involves no heuristic or complex decisions about surface topology; instead properties of the Voronoi
interface are used to guarantee consistency. The resulting mesh is suitable for many purposes, such
as visualisation, but consists of many low-quality elements, so in the second stage of the algorithm,
a short sequence of force-based smoothing, projection, and edge flipping iterations is applied. Here,
the ideas of the DistMesh [45]] algorithm are extended to the case of multiple surfaces — mesh vertices
are moved according to forces, based on the current topology of the mesh, which together with edge
flipping, improve mesh quality. By using a new adaptive time stepping strategy, convergence to a
high-quality mesh can be obtained within as few as 10-20 iterations, taking less than a second on a
typical desktop computer for a mesh with 10,000 elements.

Since the concept of the Voronoi interface makes generating a topologically consistent mesh
straightforward, it may be advantageous to convert other representations (such as voxel-based data
or point clouds) into this form. For example, CT imaging and MRI produce voxel data wherein
each voxel identifies different regions or types of tissue, and the boundary between the different
regions defines the surfaces. It is straightforward to convert this into a Voronoi interface by using,
for example, smoothed indicator functions for the different regions. Another possibility is using
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three-dimensional scattered point clouds, and this is demonstrated in the results.

The outline of the chapter is as follows. First, some previous work on meshing multiple surfaces
is reviewed and compared with the approach presented here. In the next section, the idea of the
Voronoi interface is recalled and discussed in the context of mesh generation, and then the main
meshing algorithm is presented. Lastly, results and mesh quality analyses are shown using a variety
of applications arising from multiphase curvature flow, geometrically-defined objects, and surface
reconstruction from point clouds.

5.1 Previous work

Much of the previous work on meshing interconnected surfaces has focused on multi-material data
sets, wherein each voxel is assigned a different label identifying different regions or materials. A
variety of algorithms have been developed, which, somewhat broadly, are based on:

o Lookup tables: Here, a marching cubes [56] or marching tetrahedra [57-59]-style algorithm is
extended to handle the case of multi-material data sets, leading to lookup tables that take into
account material labels. In general, the lookup tables rapidly increase in size with the material
count, and produce a mesh that has many bad quality elements (e.g. slivers). In some cases,
see e.g. [69-71], they are created through a series of heuristic decisions that decide a plausible
topology, making it unclear if the resulting meshes are guaranteed to be free of artifacts. In
another approach, in [72] a subdivision algorithm is used together with trilinear interpolation
that leads to a mesh guaranteed to be topologically consistent, however the subdivision comes
at the price of generating very large lookup tables or a large number of tiny mesh elements.
In 73], a lookup table is used in the case of three materials, and in the general case, triangle
removal algorithms are used, allowing meshes with boundaries and holes to be created.

o Delaunay refinement: These methods are an extension of typical Delaunay refinement-based
algorithms to the case of multiple surfaces [74-76]. A mesh is iteratively created by adding
vertices and updating mesh topology until a quality criteria is reached that terminates the
algorithm. They generally involve many subtle pre-processing steps, including the need to
identify and extract the triple junctions as a network of curves. The created meshes are topo-
logically consistent, having no gaps or overlaps, and in addition, mesh elements that meet
at junctions do so by sharing a common edge. Parallel implementations of these algorithms
can be difficult, however the approach has the advantage of allowing quality criteria to be
defined on per-surface basis, allowing different materials to have different mesh resolutions,
and volume tetrahedra meshes (consistent with the interface topology) are often produced at
no extra cost.

o Particles: A different approach involves first placing particles (or spheres) on the set of sur-
faces, optimising the distribution of the particles, and then creating mesh topology through a
constrained Delaunay triangulation/tetrahedrisation. A very early method using this idea was
the bubble mesh [77]): spheres of an adaptive size are “packed” onto explicitly parameterised
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curves, surfaces, and volumes, in that order. In a relaxation step, the spheres are then dynam-
ically moved according to force-based laws to optimise their distribution, before invoking a
constrained Delaunay algorithm to obtain the mesh topology. More recently, in [78]] an algo-
rithm is proposed in which the particles, once seeded on the implicitly defined surfaces, are
dynamically moved to optimise an energy functional that measures surface features, allowing
particles to concentrate near regions of high curvature. The resulting meshes are of very high
quality, but this comes at the price of a computationally expensive optimisation process; some
of the meshes presented in the latter work took several hours to generate.

o Other approaches: In [79], a straightforward subdivision strategy is used that subdivides the
unit cube into sufficiently many smaller sub-cubes, and assigns different materials to each sub-
cube. An interface between different materials is then extracted directly from the subdivided
cube, creating a topologically consistent mesh, but which has a staircase shape that then
needs to be smoothed, affecting the accuracy of the surface representation. More recently, in
[80], an octree-based approach that uses a dual contouring method is presented, also based
on a subdivision algorithm that instead uses trilinear interpolation to resolve topological
ambiguities. Another octree-based algorithm is developed in [81], allowing both triangular
and quadrilateral surfaces meshes (as well as hexahedral volume meshes) to be created of good
quality. A different approach is presented in [82], wherein surfaces are meshed away from the
junctions, leaving behind void regions which are then meshed using the previously-created
surface meshes as constraints.

Finally, when the surfaces are represented via other means, different approaches are available.
For example, in [83]], point clouds of surfaces are transformed into implicit functions via
partitions of unity, before executing a marching tetrahedra variant to extract a mesh. Lastly,
in the volume-of-fluid method for tracking interfaces in multiphase fluid flow, the volume
fraction of every fluid in each grid cell is tracked, and in order to evolve the fluids, the interface
must be reconstructed from the volume fractions, see e.g. [[84].

In comparison, for the mesh generation algorithm presented here, an initial mesh is constructed
using a simple marching tetrahedra-style algorithm that does not require special material-dependent
lookup tables. Instead, the Voronoi interface, together with properties of piecewise linear interpola-
tion, guarantee topological consistency of the mesh (provided the surfaces are sufficiently resolved).
In this fashion, heuristic or complex decisions about surface topology are avoided. In the second
stage, vertices of the mesh are dynamically moved to improve mesh quality, in-part based on the
ideas presented in the DistMesh algorithm [45]. Here, a specially designed “clamping” function
is used to automatically prevent triangle inversion, while allowing low quality elements to quickly
change shape into good quality elements.

5.2 'The Voronoi interface

Recall the definition of the Voronoi interface given in given a set of non-overlapping regions
Q;, the Voronoi interface is the set of points that are equidistant to two regions and no closer to
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any other region. For the purposes of mesh generation, it is advantageous to use multiple level set
functions ¢; in order to define the Voronoi interface, as was done in Specifically, suppose that
¢; - R" — R is the signed distance function for region (;, such that ¢; is positive inside €);. Then
the Voronoi interface I'y inside a domain Q is given by

Iy = {x € Q:3i# jsuchthat ¢;(x) = ¢j(x) > max </>k(x)}. (5.1)
#i,]

In particular, T'y can be separated into a union of individual surfaces separating pairs of different
regions, such that I'y = U;.; I';j, where

L= {x €Q:¢i(x)=9¢j(x) > 1;1:11)](%(96)} (5.2)

Although distances were used as motivation, note however that and can be used to define
an interface, even when the ¢; functions are not necessarily signed distance functions. All that is
required is that the functions ¢; are continuous, and that the individual sets I';; are codimension-one
surfaces. Therefore, it is useful to make a generalisation: for any set of functions ¢; : R” - R, the
Voronoi interface of the functions ¢; is defined to be Ty given by (5.1).

Defining the interface in this manner, i.e. implicitly rather than explicitly, provides many virtues.
In relation to the meshing problem, as shown below, this particular implicit representation makes it
straightforward to extract a topologically consistent mesh with no artifacts at junctions. Assuming
continuity of the functions ¢;, an equivalent characterisation of the interface is that a point x is inside
phase/material i ifand only if ¢;(x) > max.; ¢;(x). This characterisation was used in some previous
works on meshing multiple surfaces (wherein the functions were smoothed characteristic/indicator
functions); here, is used directly.

In practice, there are many possible methods for defining the functions ¢,. The meshing algo-
rithm does not depend heavily on the particular method of determining ¢;; in the following, all that
is assumed is that the ¢; functions are defined on a background grid (such as a regular Cartesian
grid). This naturally occurs in the context of the VIIM, where reinitialisation methods are used to
calculate signed distance functions to e-level sets. In other cases, the functions could be derived
from a single label/indicator function y : R* — N that divides the domain into different regions.
For example, one could define ¢, as a (possibly smoothed) per-phase indicator function such that
¢:(x) = linside region i and ¢;(x) = 0 outside. However, it is important to note that in the meshing
algorithm it is not necessary to define every ¢, function everywhere in the entire domain: it is only
necessary to know the values of ¢; in a small narrow band surrounding the boundary of phase i.
This can dramatically improve efficiency, and is a common technique used, for example, in narrow
band level set methods [50].

5.3 Mesh generation

Given N functions ¢; defined on some three-dimensional grid, the goal is to extract an explicit
representation of the Voronoi interface, defined by (5.1), as a high-quality triangulated mesh. This is
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accomplished by first creating an initial mesh, which although will generally be of low quality, it will
nevertheless be topologically consistent in the sense that triangles meet at junctions without overlap
or gaps. In the second stage of the algorithm, the mesh is iteratively improved using a sequence of
force-based smoothing, projection, and edge flipping steps. The method is summarised in Algorithm
and, in the next set of sections, the implementation of the individual steps is described.

Algorithm 2 General algorithm for mesh generation

Create initial mesh.

repeat
Apply forces and project vertices.
Edge flip triangles.

until desired mesh quality is achieved.

5.3.1 Creating the initial mesh

To create an initial mesh of the network of interfaces, the Voronoi interface of the multiphase system
is extracted using a marching tetrahedra-style algorithm that involves creation and “chopping” of
mesh elements. The approach is based on the procedure described in of Chapter 3| For a
particular surface I';;, defined by (5.2), the mathematical procedure consists of three steps:

(i) First, establish a continuous piecewise linear interpolation of every ¢; function, to determine
¢; at arbitrary points. For example, if the background grid is a regular Cartesian grid, then each
cell can be divided into six tetrahedra, as shown in Figure (Ieft), and in each tetrahedron one
can use the obvious linear interpolant of ¢;. This is precisely the interpolant that is implicitly
used by the marching tetrahedra algorithm. Alternatively, if the background grid is already a
tetrahedral mesh, one can directly use the canonical linear interpolant of ¢;.

(ii) Next, extract the zero level set of ¢; — ¢; as a collection of planar polygon surface elements
{Eg}7:1 Since the last condition in (5.2)) is not necessarily satisfied on every surface element,
it follows that r,'j c Ug Eg.

(iif) For each element E,, keep the set of points x € E, that satisfy ¢;(x) = ¢;(x) > ¢x(x) for all
k # i, j. This is achieved by a series of “chop” operations that takes E, and chops it using the
zero level set of ¢; — ¢ as the position of the cut, and keeping the piece on which ¢; > ¢. The
piece on which ¢; < ¢ is thrown away. Such chopping is made possible by the fact that every
level set function ¢; is piecewise linear, hence particular level sets as well as intersections of
level sets are always linear. In particular, it can be shown that throughout the chopping process,
the element is always a convex planar polygon. After chopping is complete, the polygon E, is
then converted into a collection of triangles.

"Note that ¢; — ¢; is a continuous piecewise linear function defined on €, and so its zero level set must necessarily
be piecewise planar. In particular, because ¢; — ¢; is linear on each tetrahedron, it follows that its zero level set in each
tetrahedron, if it exists, is either a triangle or a planar quadrilateral.
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Figure 5.1. (Left) Dividing a cube into six tetrahedra. (Right) A body centred cubic lattice tessellates space into
identical tetrahedra; each tetrahedra has two vertices at the centroid of neighbouring cells, and the other two
vertices on an edge of a cell. In the figure, the blue tetrahedron ABCD is one of four sharing a face; the other
three are ABCF, ABDE, ABEF.

The result of the above procedure is a collection of triangles whose union is I';. Note that the
algorithm is exact, in the sense that the Voronoi interface of the interpolated multiphase system is
extracted exactly. As a result, different interfaces I';; and I'; which meet at higher order junctions
do so without any overlap or gaps. In particular, it follows that triangles which meet at junctions do
so by sharing edges and vertices along those junctions.

In the work presented here, the functions ¢; are defined on a regular Cartesian grid. If each grid
cell is divided into six tetrahedra, see Figure 5.1 (left), as per a common variant of the marching
tetrahedra algorithm, it is almost always the case that the resulting triangulation is extremely poor:
many triangles are almost degenerate (small in diameter or slivers), and there is often many more
triangles than necessary to capture the features of the interface, as demonstrated in Figure 5.2| (left).
To improve this, two complementary ideas are used:

« Instead of dividing each grid cell into six tetrahedra, a “body centred cubic lattice” [59] is used,
as shown in Figure|5.1| (right). The lattice tessellates space into equal shaped tetrahedra which
are more symmetric and more evenly distributed. As noted in [59]], the resulting triangulation
of the interface has far fewer triangles, while maintaining the same feature resolution.

« Inaddition, a vertex snapping procedure is used to eliminate sliver triangles. For a single scalar
function ¢ defined on the background grid’s vertices, assuming the zero level set is sought,
vertex snapping slightly perturbs ¢ by setting the value of ¢ to be zero at any vertices where it
is approximately zero:

TN 0 if|¢(x)|<e,
$(x) = { ¢(x) otherwise.

This effectively snaps mesh vertices that are approximately near background grid points to
be precisely on those grid points, without introducing any holes or artifacts in the mesh. In
practice, even for considerable reduction of sliver elements, the threshold e can be very small.
Here, the mesh created by this algorithm is used as the input to an iterative smoothing and
projection procedure (see next section), and therefore does not need to be entirely accurate.
As a result, large tolerances can be used, resulting in a significant reduction of unnecessary
triangles in the mesh, while maintaining the same feature resolution. When the scalar func-
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tions are approximate distance functions, it was found that setting € ~ 0.2k, where h is the
Cartesian grid cell size gave good results.

For the multiphase system, vertices can be snapped by perturbing the level set function values
in a pairwise fashion:

for each background mesh point x do
Define ¢;(x) = ¢;(x) for all i.
fori=1,...,Ndo
forj=i+1,...,Ndo
if [§;(x) — ¢;(x)| < € then
$i(x) < ¢i(x)

Snapping in a pairwise fashion like this ensures that previous alterations do not get overridden
by later alterations, which in turn means the topology of the multiphase interface is not affected
(provided it was already sufficiently resolved).

Combining these ideas, we are lead to Algorithm [3|for creating an approximation of the Voronoi
interface. On line |3} of course it is only necessary to loop over the pairs of phases defined in the
particular tetrahedron being considered. On lines|4/and 5, a lookup table, similar to those used in a
standard marching tetrahedra algorithm, can be used to determine how to extract the polygon (as
either a triangle or quadrilateral). On line|7, a simple method to evaluate y at arbitrary locations
is to use pre-computed Lagrange basis functions, while on line |8} it is a simple exercise to design
an algorithm to cut a convex planar polygon by the zero level set of a linear function defined on its
vertices. Polygons are then dissected into triangles and added to the overall collection of triangles.
These steps are straightforward if one is not concerned about duplicating vertices, i.e. triangles are
represented as 3-tuples of vectors in R3. Clearly, this is not optimal, since representing a triangle with
a 3-tuple of vertex indices is more efficient. So, on line[l1} the collection of vertices are uniquified, by
identifying vertices as equal if they are within a small amount of machine precision round off errorf
Alternatively, one may uniquify vertices simultaneously with building the collection of triangles.

The result of the mesh creation algorithm on an example multiphase system is shown in Figure
Here, a five-phase system is defined by setting {¢;}}_, to be signed distance functions for four
differently positioned spheres, i.e. ¢;(x) = r; — |x — x;|, and then defining

¢s5 = min(—¢1, —¢2, —¢3, —¢4)

to be the exterior phase. This system has a total of five phases, ten individual surfaces I';; separating
pairs of phases, ten distinct triple line junctions, and five quadruple point junctions. (Only some
of these surfaces/junctions are visible in the figures; see also Figure 5.5/ for a partial cutaway view.)

2With mild assumptions on the functions ¢;, it is possible to show that the vertex snapping procedure guarantees
that if two vertices on a surface are within a distance ¢ from each other, such that ¢ << h (where h is the tetrahedron
length), then they are in fact the same vertex. In this work, a tolerance of € = 107 was used (corresponding to double
precision and unit-length domains). Extensive tests analysing separation distance of vertices found that this tolerance
correctly uniquified vertices in all cases.
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Algorithm 3 Creating the initial Voronoi interface mesh

1: Snap vertex values.
2: for each tetrahedron 7 do
3: for each subset {i, j} < {1,...,N} do
Extract the zero level set of ¢; — ¢; inside 7 using linear interpolation.
Define P to be the resulting convex planar polygon;
(if it does not exist, continue to next {i, j} subset).
for each k # i, jdo
Evaluate v := ¢; — ¢y at each vertex of P.
Cut the polygon at the zero level set of y and keep the part on which y > 0.
if P is now empty, continue to next {1, j} subset.

R S

10: Divide P into triangles and add to the collection I};.

11: If necessary, uniquify vertices.

Figure [5.2| (left) shows the mesh obtained by using the standard decomposition of each Cartesian
grid cell into six tetrahedra, without vertex snapping. In comparison, Figure 5.2|(right) shows the
result using the body centred cubic lattice, with vertex snapping. We can see that there is a significant
reduction in sliver triangles, as well as the overall triangle count.

5.3.2 Smoothing and projection

Once an initial mesh of the Voronoi interface of the multiphase system is created, a high-quality
mesh can be obtained by using force-based smoothing, projection, and edge flipping. Since this

)50
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Figure 5.2. A multiphase mesh of a five-phase system of four spheres, using the polygon chopping method
(Algorithm [3)). Four pairwise surfaces and three quadruple point junctions are visible. (Left) Using the standard
decomposition of dividing a grid cell into six tetrahedra, without vertex snapping. (Right) Using the body centred
cubic lattice, with vertex snapping.
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process predominantly involves calculations involving vertices and their edges, it is advantageous to
use a vertex-and-edges data structure. Hence, let x; e R3, i = 1,..., n, denote the mesh vertices and
&; c N denote the set of neighbours of vertex i, so that (x;, x;) is an edge for each j € &;. From the
creation of the initial mesh, we also known which surfaces each vertex is situated on. For each vertex
xi, let x; ¢ N denote the set of phases for which x; is on the boundary. Thus, if y; has two, three, or
four elements, then x; is on a surface, a triple junction, or a quadruple point, respectively. At times,
it is also necessary to determine the set of triangles connected to a particular vertex; denote this set
as 7;. Determining 7; can be done on-the-fly by manipulating the edge data structure.

To iteratively improve the triangulated mesh, the ideas underlying the DistMesh algorithm [45]
are extended and adapted to the case of interconnected surfaces. In the DistMesh approach, force-
based smoothing, together with mesh topology updates and projection of vertices onto constraining
surfaces, enables fast convergence to a high quality mesh. In particular, the vertices of the mesh are
moved according to “forces” exerted on them by the edges in the mesh; in the original DistMesh
algorithm, the edges are analogous to springs that resist compression when shorter than a certain
rest-length, but do not otherwise resist expansion. It was observed that this repulsive force combines
exceptionally well with edge flipping (or regular Delaunay triangulation) to quickly generate meshes
with very good connectivity properties. Conventional Laplacian smoothing [85] may also be viewed
as force-based, in which case the mesh edges are attractive rather than repulsive. In the general case,
each edge (i, j) exerts a force f;; = —f;; on vertex i. The goal is to find an equilibrium such that at
each vertex, the net force is zero. Solving such a nonlinear system is a relatively difficult task, so
instead the vertices are moved iteratively, using a simple forward Euler analogy:

X=Xl ALY i
jES,‘

Here, At is an artificial time step that controls the progress of the mesh towards the final desired
state. Note however that if At is too large, mesh elements can invert, and this can cause the iterative
process to become wildly unstable. On the other hand, if At is too small, then efficiency can be
sacrificed since too little progress may be made. A solution to this problem is presented later, using
a method that essentially locally computes the time step according to a basic stability condition that
prevents inversion of triangles, and leads to rapid convergence.

Force functions

In [45]], the force function represented edges as springs that resist compression when shorter than
a certain rest-length, and do not resist expansion when longer. Despite being a simple approach, it
was shown that such a force quickly leads to a mesh with uniformly high quality elements. For an
edge (x, y), the force exerted on x is defined by

x f—

Jo(y,0) = 72 max(to~[x 1, 0),

[ =yl
where ¢, is a rest-length that is related to the desired average edge length of the final mesh. In fact,
it is possible to allow ¢, to vary spatially, allowing the mesh to automatically refine where necessary.
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However, in this work, a mesh which has uniform triangle sizes throughout is sought, and so €, will
be spatially uniform. As noted in [45], it is important for vertices of the mesh to spread out across
the whole geometry, which means that the rest-length ¢, should be slightly larger than the actual
desired edge length in the mesh. This is achieved with a simple scaling: at the beginning of each
iteration, the average edge length (measured in a L2 norm) is computed and scaled by a factorf] of

1.2 to define 1
Xis Zje, 1% = %17\
€y =12 ( L : (5.3)
Xia €]
This repulsive force ties in well with edge flipping and quickly leads to high quality elements.
However, when edge flipping is not possible, as is the case on triple junctions, the repulsive force
can lead to situations in which vertices attempt to exit their constraining surfaces, causing mesh

elements to invert. Instead, it was observed that Laplacian smoothing works very well on, and near,
junctions. In this case, an attractive force f is used, where

fulx,y) =5(y - x).

Correctly normalised by the number of edges, the attractive force is equivalent to a half-step of
Laplacian smoothing, which acts to move vertices to the average location of its neighbours. This
force is used for all junction vertices, as well as surface vertices which have at least one neighbour
on a junction.

Projection

A side-effect of the force-based smoothing is that over time, mesh vertices can deviate from the
surfaces on which they are meant to be constrained, i.e. the mesh vertices can easily stray from
the Voronoi interface. To fix this, one can project the vertices back onto the surfaces on which they
belong, by moving them in a direction orthogonal to the constraining surface. Such a scheme was
used in [45,86] for vertices constrained to live on codimension-one surfaces, and a different scheme
was used in [78] for triple junctions. Note that this procedure also fixes the small aberrations caused
by the vertex snapping used in creating the initial mesh["| For a single function, a vertex x close to
the zero level set of ¢ is (approximately) projected onto the zero level set with the update

$(x)V(x)

X< X— St

[V (x)P
The update can be viewed as moving x to its closest point on the zero level set of the linear approx-
imation of ¢ at x, given by ¢(x + §) ~ ¢(x) + § - V¢(x). In the case of a vertex belonging to a
triple junction, or a higher order constraint set, one would like to project x to the corresponding

3The scaling factor of 1.2 was determined empirically, and is the same as that used in [45]. It forces mesh vertices to
spread apart across the whole surface and leads to a smoothing behaviour that performs consistently well.

*In the projection step, the original, unperturbed functions ¢, are used, i.e. they have not been altered by the vertex
snapping procedure used in creating the initial mesh.
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multi-junction interface. To do this, the method for a single level set function can be generalised to
multiple level set functions by considering pairwise combinations: for a vertex x belonging to the
boundary of phases y € {1 ..., N}, define

(¢i(x) = ;(x))(Vi(x) - V§;(x))
P = B o) e
j>i

(5.4)

In essence, the function accumulates the shifts arising from projection onto individual surfaces T;;,
such that one iteration is given by x < x + p(x, x). Note that reduces to the case of a single
surface when |y| = 2, and also that p(x, x) = 0 whenever x is already on the multi-junction interface
(ie. ¢i(x) = ¢;(x) forall i, j € x). The normalisation factor in is designed to give efficient
convergence without causing oscillations (i.e. by ensuring the steps are not too large). Finally, it
should be noted that if the denominators in are close to zero and cause issues, then it is likely
that the functions ¢, are poorly defined; in this case, one could reinitialise the functions as signed
distance functions using the Voronoi interface.

Note that the gradient of the functions ¢, (as well as the function values themselves) must be
somehow calculated or approximated. If they are given by closed-form mathematical expressions,
then one could calculate the gradients using these expressions. Alternatively, if the functions are
defined on a background Cartesian grid, then one could use, for example, standard second order
finite differences to calculate their gradients at grid points, followed by trilinear interpolation to
evaluate the gradients and function values anywhere within the domain. This latter method was
adopted in much of the work presented here.

Adaptive time stepping

The net result of the force-based smoothing and projection leads to displacements of mesh vertices
in the form
X; < x; + ;.

Here, §; is a displacement vector that is the sum of the forces, together with the projection. If this
displacement is too large, mesh elements can invert, causing the smoothing process to become
unstable. To solve this, a simple clamping algorithm can be used, wherein §; is made sufficiently
small in such a way that no triangle inverts. The algorithm is designed to allow vertex x; to move “as
far as it can” in the direction §;, so that a small edge or triangle can quickly expand if the forces want
it to. The clamping is performed for each vertex independently of all other vertices, and effectively
establishes an easy-to-implement time stepping that is locally adaptive. Specifically, for a particular
vertex i, each of the triangles connected to i are used to clamp the necessary amount, to form the
replacement

8, < 8, x min(l, rt11¥1 2clamp(8;, x;, t)) (5.5)

Here, clamp is a function that returns the maximum amount by which x; can be moved in the
direction §; without inverting the triangle ¢, independently of how the other vertices of the triangle
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V2

Figure 5.3. Lines passing through the midpoints of a triangle (with vertices vq, vy, v,) divide the plane into the
shaded region (having four separate components) and non-shaded region (having three separate components),
such that the line opposite vertex v; has normal n;. In the clamping procedure, each of the vertices v; is allowed
to move anywhere inside its own particular component of the non-shaded region.

move. The function is implemented as follows. Consider Figure 5.3} which shows a triangle having
vertices vy, v1, v,. The indicated lines are constructed by connecting midpoints of the three edges.
The lines divide the plane into three disjoint regions that are separated by the shaded region indicated
in Figure If it can be guaranteed that the vertices vy, v;, v, move only in their respective regions,
without crossing the shaded region, then the triangle will not invert. In full three-dimensional space,
these constraint regions are convex, bounded by the planes with the indicated normal vectors, which
in turn are parallel to the plane of the triangle.

Consider then a particular vertex, vy, say, with a corresponding desired displacement vector 6.
One computes the minimum s > 0 (if it exists) such that v, + sd is on the boundary of its constraint
region. For a particular plane with normal n containing the point a, it follows that (x +sd—a)-n = 0,
giving s = (a — x) - n/d - n. By doing this for each appropriate plane, this leads to Algorithm
to compute the clamp function for a particular vertex v, of a specified triangle, with the specified
displacement §.

Algorithm 4 Calculating clamp(3, vy, t) where t is the triangle with vertices vy, v1, v,

Compute the three normal directions

_ (va=v0)-(va—1)

Mo =V2=Vo — [v2—vi]? (VZ - Vl)s
_ (vo—v1)-(vo—v2)

m=Vvo—=Vi— [vo—va|? (VO - VZ))
_ (v1=v2)-(n-vo)

M =V=V2 = " how? (V1 - Vo)-

return s calculated by

. 1’10‘(%(1/04'1/1)—1/0) 7’11'(%(V0+V1)—V0) nz'(%(VZ'i‘V())—VQ)
S = min 5 > >
max(ng - 8,0") max(n; - 6,0") max(n, - 8,0")

where it is understood that if one of the max statements evaluates to 0*, then the corresponding
fraction is +oo.
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Note that in (5.5), the clamping is reduced by a factor of two, thereby preventing triangle inversion
entirely. With this approach, triangles may become nearly degenerate only after an accumulation
of displacements over several iterations. In this scenario, the clamping factor and local “time step”
would reduce to zero, and convergence would halt. However, this event never occurs in practice,
precisely because edge flipping changes the topology of the mesh so that any nearly degenerate
triangles are removed.

Combining smoothing and projection

Putting all of the above together, Algorithm [5|performs one iteration of force-based smoothing and
projection, with the adaptive time stepping. On line[3} in the second item of the case statement, only
the neighbours which belong to the same type of surface (via the conditional x; S x;) are considered.
This ensures that the force law involves only edges belonging to the same type of surface (or triple
junction). On line 5, the force computed from the edges is enforced to be tangential to the surface, by
removing the component of the vector orthogonal to the surface. (Here, 7, is a normal vector to the
surface x; = {j, k}, i.e. is proportional to V¢; — V¢, and can be calculated with finite differences.)
Without this, it was observed that the non-tangential components of the force can start to compete
with projection, causing oscillation. Hence, the force-based smoothing is restricted to tangential
forces.

Algorithm 5 A single smooth and projection step
1: Calculate the rest length ¢, using (5.3).
2. fori=1,...,ndo
3 Calculate the force on vertex i due to its neighbours &;:

0 if vertex i is a high-order junction (|x;| > 3),

-1
( . 1) > fi(xi,x;) elseif vertex i is on a triple junction (|y;| = 3),

S = je€j Je€; or has a neighbour on a triple junction,
! XiSXj XiSXj

] > folxix;) otherwise.
je€;j

]
il

4 if vertex i is on a surface (|y;| = 2) then

5 Remove the component of §; orthogonal to the surface: §; < 6; — (8; - n,,)n -
6 Add to §; the projection displacement: §; < J; + p(x;, x;) using (5.4).

7: Clamp ; to prevent inversion using (5.5) and Algorithm [4]

8 fori=1,...,ndo

9 Xi < X; + (Si
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Figure 5.4. Edge flipping exchanges an edge shared by two triangles T; and T, (left) with the edge formed by
opposing vertices, giving two new triangles T; and Ty (right).

5.3.3 Edge flipping

In the edge flipping step, every pair of triangles sharing a common edge is considered. If flipping the
shared edge (see Figure[5.4) improves the quality (defined below) of the pair of triangles, then this is
done and the connectivity of the mesh is updated, before visiting other edges. In the plane, and with
a quality measure that is based on the standard Delaunay in-circle condition, this iterative procedure
is a well-known method that converges to a Delaunay triangulation [87]. A simple measurement of
triangle quality that is suitable for triangles in R? is to define

triangle area
q=q(ve, v, v2) = 4V/3 5

sum of squared edge lengths

~2/3 [ (vi = vo) x (v2=wo) |

v =vol? + vy = vi > + [|vo - V2”2’

where v; are the vertices of the triangle. Here, g is normalised so that 0 < g < I: an equilateral
triangle has g = 1 and a degenerate triangle has g = 0. (There are also many other types of measures
of element quality, see the review [88].) Even though the triangles generally lie on a curved surface,
the edge flipping algorithm is essentially equivalent to the logic used in the plane; the algorithm is
summarised in Algorithm[6] Note that on line[2]of Algorithm 6} the potential flip is required to only
involve triangles belonging to the same surface. This ensures that edges on mesh junctions do not
change connectivity. In addition, line[7|checks to see if the triangle pair is already of good quality; if
they are, then any possible edge flipping is essentially inconsequential, since any increases in quality
would be minor. This simple check leads to markedly better efficiency in the algorithm.

5.3.4 Parallelisation

Combining the above steps, i.e. Algorithm[2} yields the basic algorithm to generate a triangular mesh
of the Voronoi interface. In some applications, the Voronoi interface is determined by the evolution
of complex physics on high resolution three-dimensional grids. For example, in the multiscale
model of foam dynamics presented in the following chapters, computations were often performed
on hundreds of processors. In particular, the computational domain was divided into subdomains,
which were then assigned to individual processors in an MPI implementation. In such cases, the
functions which define the Voronoi interface are split across several subdomains, and it follows that
the mesh generation algorithm must also be parallelised to maintain some level of computational
efficiency. This can be done with a few modifications to the individual steps of the algorithm, mainly
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Algorithm 6 One iteration of edge flipping

1: for each edge (i, j) in the mesh do

2 if the edge is shared by two triangles that belong to the same surface then

3 Let v;, v}, vk and v;, ve, v; be the vertices of the two triangles (see Figure .
4 else

5: continue to next edge.

6 Compute q; = q(vi, v}, v) and q, = g(vi, ve, V).

7 if min(gi, g2) > 0.9 then

8 continue to next edge (since the triangles are already of good quality).

9 Compute g3 = q(vi, ve, i) and g4 = g(ve, vj, V).

10: if min(qs, q4) < min(q,, q») then
11: continue to next edge (since edge flipping will not improve quality).
12: Let n; and n4 be proportional to the normal of the two new triangles:
ny = (ve—vi) x (v = v;),
ny = (v —vj) x (ve —vj).
13: if n3 - n, <0 then
14: continue to next edge (since edge flipping will invert the triangles).

15: Proceed with edge flip: remove edge (i, j) and add edge (k, £) by altering &;, &;, &, and &,.

in relation to synchronisation of mesh connectivity information across processor boundaries, as
follows.

In the first step, an initial mesh approximating the Voronoi interface is found. This step is
essentially unchanged: each processor can create a set of triangles from the functions defined on
its subdomain. It is only necessary to ensure elements are not duplicated across boundaries shared
between subdomains. In a synchronisation step, the processors then communicate and assign unique
identifiers to the mesh vertices found in the first step.

At this stage, only mesh smoothing and edge flipping remain, with many possible methods of
parallelisation. In this work, the implementation has been simplified by keeping the same domain
decomposition and processor layout. In other words, each vertex of the mesh is assigned owner-
ship to a particular processor, according to the same subdomain decomposition. With this simple
approach, the smoothing and edge flipping can be parallelised by

(i) re-assigning ownership of vertices whenever they move across subdomain boundaries; and

(ii) maintaining a “ghost layer” of mesh connectivity information, to allow each processor to
perform edge-based calculations. That is, each processor maintains a data structure for the
vertices it owns, plus any neighbours of those vertices.

Together, these allow each processor to perform one step of force-based smoothing and projection,
after which a synchronisation step is needed to update information near the subdomain boundaries.
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The only subtle difficulty with this approach is the need to edge flip across subdomain boundaries.
This can be achieved by using two ghost layers, i.e. each processor knows the connectivity and
position of each neighbouring vertex of each neighbouring vertex of each vertex the processor owns.
Processors then mutually agree before the edge flipping step, as to exactly which processor performs
the edge flipping on triangles spanning a subdomain boundary. By taking this in turns, one can
ensure that every pair of triangles in the overall mesh will be subject to edge flipping.

Note however that this simple domain decomposition approach may not necessarily scale with
the number of processors. It is entirely possible that the Voronoi interface exists in some parts of
the domain, and not in others, so that some processors are assigned no mesh vertices, while other
processors are assigned many. It follows that the scaling of this approach depends highly on the
geometry of the interface. Therefore, different parallelisation methods may be necessary if scaling is
crucial to performance; in the case of the foam application, this simple approach was sufficient to
make the computational cost of mesh generation only a small fraction of the overall cost.

5.4 Results

Consider the example shown in Figure [5.2] of four intersecting spheres. Using the same initial
mesh (i.e. Figure 5.2} (right)), Figure[5.5[shows successive iterations of smoothing and edge flipping.
One can see that after just one or two steps, many of the poorly shaped triangles have significantly
improved in quality. After ten steps, much of the mesh has been “cleaned up”. At this point, the
majority of changes in the mesh after more smoothing steps is in edge connectivity alone, rather
than in improving element quality. Convergence to an equilibrium is essentially attained after 50
iterations. These observations can be made more quantitative by examining various measures of
mesh quality and geometry as a function of iteration count, as shown in Figure[5.6] Here, histograms
as a function of iteration count are shown, for triangle inradius, circumradius, edge length, quality,
angles, and vertex degree. The plots show that poor quality elements are quickly replaced, and that
the distribution of inradii, circumradii, edge lengths, and triangle quality converge favourably so
that the vast majority of elements have approximately the same geometry. The exception is in the
distribution of triangle angles, which has higher variance. In addition, one can see that after 20-30
iterations, the measures of mesh geometry have approximately reached an equilibrium. Essentially
identical behaviour was seen in every other problem the mesh generator was tested on.

In the next example, the Voronoi Implicit Interface Method has been used to evolve seven ran-
domly created phases under the action of multiphase curvature flow using periodic boundary con-
ditions. Figure[5.7|shows the result of the meshing algorithm applied to the multiphase system at
a particular instant in time. One can see that the meshing algorithm is able to handle complicated
geometry, especially so in this case, due to the proximity of some junctions to other junctions, as
shown in the magnified portion of Figure

This particular example of a multiphase interface is used to demonstrate the efficiency of the
algorithm. A parallelised implementation of the algorithm was used, on a mainstream desktop com-
puter using eight cores (by dividing the cube into 2 x 2 x 2 subdomains). Creating the initial mesh (as
described in took 10ms of time. Vertices of the initial mesh were then given unique identifiers
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Figure 5.5. Using the same initial mesh as in Figure (bottom), the mesh is shown after one, two, ten, and
50 steps of smoothing and edge flipping. The bottom-right two frames correspond to the same mesh, except in
one the middle sphere has been cut away in order to reveal the interior mesh.

across all eight processors, and this synchronisation step took 0.25s, though the implementation of
this step could be made faster. For the example shown in Figure there were 16,592 triangles in
total, and 50 iterations of smoothing were used, taking about 1.5s in total. Thus, each iteration took
approximately 30ms time, and it was observed that the individual components contributed: 35% for
force-based smoothing and projection; 20% for edge flipping; and 40% for synchronisation among
processors. In general, the cost of the mesh generation algorithm has two components: in the first
stage of creating the initial mesh, the cost is linear in the number of tetrahedra visited; in the second
stage, each smoothing iteration has a cost linear in the number of mesh vertices.

To conclude this chapter on mesh generation, three more applications are shown.

Figure[5.8|shows a case that involves defining objects as intersections or unions of others, in a
fashion that capitalises on the implicit representation of an interface. A sphere is divided into two
halves, with the dividing surface defined implicitly via the zero level set of

f(x,y,2z) = cosxsiny + cos ysinz + cos z sin x. (5.6)
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The three functions are defined as

$o(x,y,2) =\/x2+ 2+ 22— +|f(x, ,2)],
$i(x,y,2) = f(x, 5, 2)°,
$2(x, y,2) = - f(x, 3, 2)%,

where r = 377/2 is the radius of the sphere in this example. As shown in Figure 5.8} the algorithm is
able to smoothly divide the sphere into two halves, correctly reproducing sharp features.

In the next application, the Voronoi interface is used to reconstruct surfaces from volumetric
point cloud data, i.e. a set of scattered points in 3D, such that the points are labelled according to
which region they occupy. Point cloud data may arise in various applications, such as in experiments
that use tracer particles to study fluid flow patterns, Lagrangian-based multiphase fluid flow simu-
lations, or imaging devices that probe the interior of an object. In this particular example, a cloud
of randomly generated points has been created, as shown in Figure [5.9| (left). Individual particles
have been assigned to one of four regions: red, green, blue, or grey. Let y;, i = 1,...,m, denote
the position of the particles and let y; denote what region they are in. For each region, define the
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and the mesh generation algorithm.

function ¢; which measures the minimum distance to the cloud of region i, i.e.

¢i(x) := min |x - x;|. (5.7)

1<j<m
Xj=t

With this definition, it follows that the Voronoi interface of the functions ¢req, Pgreens €tc. separates
one region from another by a surface going through the middle of the space between them. By
computing ¢; on a background Cartesian grid, the mesh generation algorithm can be used to auto-
matically reconstruct these surfaces. For a background grid of size 32 x 32 x 32, Figure 5.9 shows
the reconstructed surfaces, showing nontrivial geometry at the junctions. This type of surface recon-
struction from volumetric point cloud data could be especially useful when there is a large number
of points since very efficient algorithms can be used to evaluate the functions ¢;.

Finally, in Figure an example is taken from the multiscale model of foam dynamics that
is presented in the next two chapters. In this application, it is necessary to rely on a robust mesh
generation algorithm to automatically create meshes that are used in a finite element method. In
a typical bubble simulation, tens of thousands of meshes are generated automatically. Figure
shows a specific example in which capillary waves have given rise to circular ripples in the membrane
surfaces, seen near the top of the cluster.
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Chapter 6

Multiscale Modelling of Foam Dynamics

Foams represent a familiar physical system in which multiple interconnected surfaces evolve over
time. Liquid foams, characterised by fluid-filled membranes separating gaseous regions, include
soap detergents, substances to separate out hydrophobic molecules, and even the head on a beer.
Solid foams, formed by solidifying liquid foams, include lightweight materials such as plastic foams
and crash-absorbent metallic foams. Understanding the dynamics of foam evolution is a key step in
controlling the structure and properties of foam-like materials. However, deriving computational
models to quantitatively predict foam evolution is challenging, since the underlying physics takes
place over vastly different time and space scales.

We saw in Chapter [4|an application of the VIIM in modelling dry foam dynamics with perme-
ability. While useful, this model did not include important microscale effects which are crucial in
determining how foams collapse due to membrane rupture. In an attempt to include the microscale
physics, one approach might be to develop computational methods that fully resolve the extreme
scales of the films, which are typically only tens or hundreds of nanometres thick. However, this
would require such a fine resolution that there is no practical hope of following a calculation long
enough to observe the macroscale behaviour, even with advanced techniques such as adaptive mesh
refinement. Thus, a multiscale model which “separates scales” must be developed, in such a way
that the smallest scales are not fully intertwined with the largest scales. In this chapter, we use this
idea to design a multiscale model for the dynamics of a foam. Together with the numerical methods
developed in the following chapter, this leads to a computational methodology that can be used to
quantitatively study collapsing foams.

6.1 Multiscale physics in foams

Consider a foam made up of common soap bubbles. A single bubble consists of a thin membrane
containing soapy fluid, known as the lamella, which separates the inside gas from the outside. In a
cluster of such bubbles, such as the one in Figure[6.](a), multiple lamellae meet at junctions known
as Plateau borders, forming a network of interconnected thin-film membranes. The dynamics of this
foam cluster are intricate [63,/89], and depend on complex interactions between microscale fluid flow



CHAPTER 6. MULTISCALE MODELLING OF FOAM DYNAMICS 95

Figure 6.1. Physics of foam drainage. (a) A foam of soap bubbles made with common washing detergent. (b)
Drainage and thin-film interference — a keyring suspended in soap solution makes a film, which then drains due
to gravity. The subsequent variations in film thickness create interference patterns when lit with white light.
This image was captured with a consumer digital camera. (c,d) Rupture of a lamella; reproduced from by
permission from Macmillan Publishers Ltd, Nature, copyright 2010. (e,f,g) Rearrangement — a lamella (centre
of (E)) bursts, leading to macroscopic rearrangement of a foam. The frames are from a movie captured using a
CCD black and white camera.

inside the lamellae and Plateau borders, as well as macroscale motion of the gas inside the bubbles.
To illustrate, consider a foam whose macroscopic configuration appears to be in equilibrium, such
as the foam in Figure[6.1(a). While seemingly stable, liquid inside the films drains over time, due to
effects of gravity and surfactant. Additionally, due to the reduced pressure of the liquid inside the
Plateau borders, liquid is “sucked” from the lamellae into the Plateau borders through a process called
marginal regeneration. When one of the membranes becomes too thin, it ruptures and its liquid
contents is redistributed, destroying the macroscopic equilibrium of the remaining membranes.
Driven by macroscale gas dynamics and surface tension, these other membranes, as well as their
film thicknesses, further change as they bend, stretch, and settle into a new equilibrium satisfying
Plateau’s laws.

These processes take place over six orders of magnitude in space and time. Bubbles can range
from millimetres to centimetres in size, while typical film thickness in the lamellae range from tens
of nanometres to micrometres, and a typical cross-sectional width of a Plateau border is tens to hun-
dreds of micrometres. Liquid inside the thin films drains over seconds to tens of seconds, leading to
variations in film thicknesses; these can be observed from thin-film interference effects, as for exam-
ple shown in Figure[6.](b). When a membrane ruptures, it bursts and the film retracts at hundreds
of centimetres per second [90], as shown in Figure[6.](c,d). Finally, macroscopic rearrangement of
bubble topology through surface and fluid forces occurs over less than a second, as demonstrated
in Figure [6.](e.,f,g). These disparate time scales suggest that it may be possible to separate foam
rearrangement from liquid drainage, and this is the key idea used in the multiscale model below.
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6.2 Previous work

One of the earliest and well-known studies of foams was by Plateau in the 19 century [91]. His
descriptions of the geometry of a stable foam are now known as Plateau’s laws: these state, among
other properties, that lamellae meeting at Plateau borders make 120° angles, and that lamellae have
constant mean curvature. Another well-known result is due to von Neumann and Mullins, who
independently derived equations describing the growth rate of cells in a two-dimensional foam.
A substantial amount of work relating to foams and foam dynamics now exists in the literature.
Typically, these works focus on only one aspect of foam physics, with methods of study ranging
from mathematical analyses, to numerical and experimental studies. Soap bubbles, as well as simple
multi-membrane structures, provide one of the best known examples of minimal surfaces having
constant mean curvature. Minimal surfaces have received a great deal of mathematical attention, and
computational methods that find minimal surfaces, and thus steady-state shapes of foams, include
the methods of Chopp [92] and Polthier [93]. Significant contributions have also been made by
the Surface Evolver software 9], which can be used to compute minimal energy states of complex
configurations. Mathematical theory for small-scale capillary-generated oscillations of soap bubbles
have been developed [94], and these have been compared to experiment using high-speed cameras
[95]]. Three-dimensional versions of von Neumann-Mullins’ law have recently been discovered [62],
while statistical variants [96|] can be used to study three-dimensional foam coarsening. Rearrange-
ment in two-dimensional foams have been studied in many works, including [97] that considers
in more detail one of the main types of topological change in a 2D foam, and in works such as
[98-100] which gather experimental statistics about the frequency and distribution of rupture events
taking place in 2D and 3D foams. Computational tools aimed at specific aspects of macroscopic
rearrangement include numerical studies of foam studies based on two-dimensional hydrodynamics
[16,[17]. Meanwhile, liquid drainage in stationary, isolated, and planar lamellae have received a great
deal of attention, and often lead to lubrication style thin-film equations. For a review of thin-film
equations, see [101,102]; thin-film equations have also been derived on moving curved surfaces [103].
There have also been studies of liquid drainage in stationary Plateau borders [104-106]. Finally, the
physical processes governing liquid suction between lamellae and Plateau borders has also been
studied with asymptotic methods [107-109].

6.3 Multiscale modelling using scale separation

We now develop a multiscale model using the idea of scale separation. This model includes the most
fundamentally important physical phenomena occurring in foam dynamics. It is important to note
however that there are additional forces, scales, and regimes, beyond those included below, which
can play an important role in foam dynamics, although they could be added to this framework.
For example, diffusive coarsening, which results from gas exchange between bubbles separated by
permeable membranes, is important over very long time scales (minutes to hours) [63]]; although the
macroscale Navier-Stokes fluid solver easily allows such permeability effects (as was shown in of
Chapter [4), the thin-film equations derived below assume a static equilibrium, and thus coarsening
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effects are not included. Evaporation of liquid from the lamellae, which can be important for excep-
tionally stable foams and also occurs over a very long time scale, is not included here. Additionally,
Marangoni forces at the liquid-gas interface, which act to equilibriate surfactant concentration, are
assumed to occur quickly enough to produce a uniformly constant surface tension. In addition,
the liquid-gas interface is assumed to satisfy a no-slip boundary condition. While this is a reason-
able approximation to make for some types of surfactant solution, in other cases, mobile boundary
conditions, as well as other effects of surface rheology, can be important. It is also assumed that
that the gas and liquid flow can be taken as incompressible, which is a reasonable approximation to
make under the time and space scales under consideration. Finally, dry foams, i.e. foams with liquid
occupying less than approximately 10% of the total volume [63]], are the focus of this model, though
the methodology below has extensions to wet foam modelling as well. Further remarks about how
the model can be generalised to include additional physics are provided later.

To derive a multiscale model for foam dynamics taking into account rearrangement as well as
film drainage, the idea of “scale separation” is employed. In this approach, different models and
equations at different scales are derived to compute physics using different resolutions, in such a way
that essential information is communicated across the scales.

Here, the dynamics of a foam are separated into a cycle of three distinct stages that couple different
scales across space and time. These stages are: (i) a rearrangement phase, in which a foam out of
macroscopic balance undergoes rearrangement due to surface tension and gas dynamics, leading
to an equilibrium; (ii) a liquid drainage phase, in which the foam is essentially in macroscopic
equilibrium, and the microscopic flow of liquid is modelled until a lamella becomes too thin; and
then (iii) a rupture phase, in which a lamella ruptures, sending the foam out of macroscopic balance,
after which step (i) is invoked and the process repeated. Together, the dynamics of each phase affects
the next, leading to a multiscale model which captures the key effects of foam rearrangement, liquid
drainage, and rupture.

To summarise, in addition to modelling the gas dynamics and determining the motion of the
network of thin film membranes, we also determine film thicknesses of each lamellae and Plateau
border. These film thicknesses are allowed to vary in space and time, and are affected by gravity and
pressure gradients inside the films, as well as membrane stretching and compression when the films
move.

6.3.1 Rearrangement phase

In the rearrangement phase, the foam structure is out of macroscopic equilibrium. Surface tension
at the liquid-gas interface influences the gas dynamics, which in turn evolve the network of lamellae
and Plateau borders, rearranging the system of bubbles. Liquid contained in the thin films and
Plateau borders is conserved and transported during this readjustment. Since macroscopic fluid
mechanics dominate the dynamics, the membranes are idealised as massless and vanishingly thin,
so that their inertial effects are assumed negligible. Mathematically, this leads to the incompressible
Navier-Stokes equations for the gas phase, with continuity of the velocity field across the liquid-gas
interface I', and an effective surface tension of 20 (i.e. twice the coeflicient of a single liquid-gas
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Figure 6.2. Cross-section of a Plateau border connecting to three lamellae. Here, % denotes the half-thickness of
a lamella, and A denotes the cross-sectional area of a Plateau border.

interface). The interface is thus advected by the velocity field u of the gas, satisfying
pe(us+u-vu) = -Vp + uAu—-20knd(T),

V-u=0,

where u, is the viscosity of the gas and p, is its density. Here, the surface tension force, existing only at
the interface I', has been written as a body force through the use of a Dirac delta function with support
concentrated at the interface [65]. As shown in of Chapter (4} the resulting dynamics naturally
enforce 120° angle conditions at Plateau borders obeyed by dry foams and allow the interface to
change topology.

During rearrangement, the liquid in the lamellae and Plateau borders is transported by the
motion of the interface in such a way that the amount of liquid is locally conserved. We exploit
the thinness of the lamellae and Plateau borders by describing their “thickness” with a single scalar
function, allowed to vary in space and time, by using certain symmetry assumptions which are
described further in below. For the lamella, its half-thickness is defined as #, and for the Plateau
border, we define A as the cross-sectional area at any particular location in space; see Figure For
liquid contained in the lamellae, conservative transport is modelled by requiring that

d
— =0 6.1
dt /S(t) 1 (61)

where S(t) is any surface patch on I'(¢t) passively advected by the velocity field u. In particular,
states that as a surface patch stretches and deforms over time, the amount of liquid inside the
patch is conserved|[] Furthermore, allows surface currents at the interface to move the liquid
tangentially. Liquid in the Plateau borders is conserved with an analogous conservation law: if L(t)
is a line segment on a Plateau border which is passively advected by u, then

d
— A=0. 2
dt fL(t) 0 (62)

!'Using the same symmetry assumptions that are used to define # and A, as described in detail in it follows
that the mass of liquid in a lamella surface patch is proportional to [, #, and the mass of liquid in a Plateau border line
segment is proportional to [, A.
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Thus, in the rearrangement phase, the main equations of motion are the incompressible Navier-
Stokes equations with surface tension, together with the local conservation laws and (6.2). These
are solved until the network of interfaces is in equilibrium - numerical methods for solving these
equations, as well as detecting equilibrium, are described in the next chapter.

6.3.2 Drainage phase

During the liquid drainage phase, the foam is essentially in macroscopic equilibrium, which means
that the dynamics of the gas phase may be taken as negligible. In addition, due to macroscopic effects
of surface tension, it follows that the surface area of the lamellae has been locally minimised, hence
individual lamellae have constant mean curvature. We thus require a model for liquid drainage in
the (fixed) network of lamellae and Plateau borders. By capitalising on the inherent scales involved,
and following the philosophy of “thin-film approximations” [101,|102] which describe the evolving
membrane thickness in a single lamella, thin-film approximations are derived for drainage in the
curved lamellae, as well as the Plateau borders, together with interrelated boundary conditions which
couple the regions together.

The general idea in deriving these thin-film equations is to rewrite the equations of motion,
which in this case are the incompressible Navier-Stokes equations for liquid flow inside the lamellae
and Plateau borders, in a non-dimensionalised form, taking into account the scales of the geometry.
In an asymptotic limit in which the films are considered to be much thinner than their extent, leading
order flow equations are extracted from the non-dimensionalised equations. The method leads to
PDEs that determine how the thickness of the films change as a function of time, depending on
surface curvature, surface tension, and gravity. Details on the derivation of these equations are given
in

For a lamella of constant mean curvature, the thin-film equation is
1
et 55,V (o V(K + R+ An) + pgo’) =0, 63)

where p is the viscosity of the liquid, p is its density, and g; is the component of gravity tangential
to the surface. Here, V; is the surface gradient, V- is the surface divergence and A, is the surface
Laplacian on the curved surface of the lamella, while k; and k, are its principal curvatures. This
is a fourth order PDE and needs two boundary conditions on the boundary of the lamella. One
condition is chosen to be that of zero Neumann: d#/dv = 0, where v is tangent to the lamella and
orthogonal to its boundary. The other is provided by a flux boundary condition [107, 108] that
implements suction of liquid into the Plateau borders at its boundary. This is specified shortly.
A similar PDE is derived (see for the Plateau border: in this case, the cross-sectional area
A of the Plateau border satisfies the equation
Cy 0 1 1/2 -.11/2 2
At+7ﬁ(—z(¢§—g) aA 29,1 + A2pg,) = S, (6.4)
where C, is a constant associated with the cross-sectional shape of the Plateau border, g, is the
tangential component of gravity, and S is a source term representing the incoming flux of liquid



CHAPTER 6. MULTISCALE MODELLING OF FOAM DYNAMICS 100

from the three lamellae connected to the Plateau border. This equation requires boundary conditions
where Plateau borders meet at quadruple junctions, and these are provided by conservation of liquid
mass and quasi-static pressure balance. In particular, under quasi-static Stokes flow in the network of
Plateau borders, it follows that the pressure of the liquid is continuous at quadruple junctions, which
together with the Young-Laplace equation, implies that the Plateau borders meeting at a quadruple
junction have the same local thickness. Thus, if A;, i = 1,...,4 denotes the four Plateau border
thickness functions meeting at a quadruple point, then

A=A =As = A4, d
{ 1 2 3 4 an (6.5)

Sia (V3= 1)i0Ai 0. - Apgy, = 0.

For each quadruple point, this is a nonlinear system of five equations in five unknowns (the common
value of A and the four fluxes).

To determine the flux boundary condition coupling the flow in the lamellae to the flow in the
Plateau borders, a local Stokes flow argument is used to derive an equation for the flux given the
local thicknesses of adjoining lamellae and Plateau borders. The derivation is given in and
states that the flux Q is of the form

This is used as a flux boundary condition in (6.3)), as follows: if x is a point on the boundary of a
lamella, with unit outwards pointing normal v tangent to the lamella’s surface, and if A denotes the
thickness of the Plateau border at the boundary of the lamella at the point x, then

1
e (o’ Vo((KE+ K2+ Am) + pg ) - v =1Q(n, 1). (6.6)

This specifies an outflow of liquid along the boundary of the lamella, which coincides with the source
term of incoming liquid for the Plateau border. Thus, the source term in S in (6.4) is given by

3
S= ZQ(WN/\)) (67)

where 7; denotes the value of the lamellae thickness functions at a point x on the Plateau border, for
the three lamellae connected to the Plateau border.

In summary, the drainage phase gives rise to a system of PDEs to solve for the thickness functions
for each lamella and each Plateau border. Each lamella solves the thin-film equation in (6.3)), together
with a Neumann boundary condition and the flux boundary condition in (6.6)), while each Plateau
border solves the thin-film equation (6.4)), with a source term given by (6.7)), and coupled boundary
conditions at each quadruple point given by (6.5)). This system of PDEs is solved until such time that
a lamella reaches a critically-thin threshold, in which case the rupture phase is executed.
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6.3.3 Rupture phase

The rupture phase occurs when alamella becomes critically thin due to drainage. A small tear appears,
and the hole in this curved two-dimensional sheet rapidly expands as surface tension causes the
membrane to retract; an example was shown in Figure[6.](c,d). For the bubble sizes considered here,
liquid in the membrane retreats to the Plateau borders [90]], and this occurs over a time scale that
is just a small fraction of the total time it takes for bubbles to rearrange. While this rupture could
itself be treated as an evolving interface, here we simplify and assume that rupture, once initiated
through a prescribed threshold, is instantaneous, and that liquid in a ruptured lamella is uniformly
distributed to the neighbouring Plateau borders. This thresholding is a simple approximation of
otherwise complex rupture dynamics in thin liquid films, which include among other effects, van
der Waals forces and short-range surfactant destabilisation effects. Further comments are provided
in the next chapter.

After rupturing the film, the foam, now out of equilibrium, undergoes rearrangement by invoking
the rearrangement phase, thus completing the cycle in the multiscale model.

6.4 Summary

In summary, a multiscale model of the interplay between gas, liquid, and interface forces has been
developed for a dry foam. The essential idea behind the model is the use of scale separation to separate
the fundamental time scales, simultaneously with separating space scales. In the rearrangement
phase, macroscale dynamics are modelled over a short time scale, which subsequently transports
film thicknesses in the network of membranes. In the drainage phase, which uses these updated film
thicknesses, liquid drainage inside the network of membranes is modelled over a long time scale, until
a membrane ruptures. These two phases are coupled via the rupture phase, which also transports
liquid mass. In principle, additional microscopic and macroscopic forces could be incorporated into
this model, such as disjoining pressures, van der Waals forces, diftusive coarsening, etc. Generalising
the model and future work are discussed in the conclusions of the next chapter, after numerical
methods and results for the above multiscale model are presented.

6.5 Derivation of the thin-film equations

6.5.1 Derivation of the lamella thin-film equation

In the following, a brief derivation of the lamella thin-film equation is given. As in other thin-film
equations, the derivation is based on applying a lubrication limit to obtain leading order equations of
motion from the underlying Navier-Stokes equations governing the flow of liquid inside the lamella.
This flow is bounded above and below by two free surfaces that correspond to the gas-liquid interface,
and the derivation leads to an evolution equation for thickness between the two free surfaces. For
more detailed considerations, including different types of thin-film equations on flat manifolds, see
the reviews [101,102], and for curved substrates, see [103, (110, 111].
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Figure 6.3. The surface T is parameterised with coordinates x;, x, following the orthogonal lines of curvature
on I'. Together with y this forms a three dimensional curvilinear coordinate system with axes e;,e;, and e;. The
upper and lower free surfaces are related to the thickness function via y = +7.

The flow of liquid in a lamella is attached to a macroscopic surface, which is a codimension-
one smooth surface denoted by I'. A typical simplification made in free surface thin-film flows,
especially over long time scales, is to assume the film thickness is symmetric about this surface [101,
112, 113]. During the drainage phase, the dynamics of the gas phase are assumed to play a negligible
role, i.e. there are no currents in the gas that cause significant drag on the liquid in the lamella.
Together with the no-slip assumption, this implies that an “immobile interface” boundary condition
is appropriate, wherein the tangential components of the velocity field at the two free surfaces are
zero. An additional assumption is that I' has constant mean curvature; ideally, this is the case when
the rearrangement phase terminates and the bubbles are in equilibrium, so that surface area has been
locally minimised. Numerically, an approximation to this state is made; however, our experiments
indicate that small grid-dependent deviations from constant mean curvature have negligible effect
on the flow.

Coordinate system and notation

In order to derive the thin-film equation, a coordinate system must be used| A convenient curvi-
linear coordinate system parameterises I' by (x;,x,) — X(xj,x;) € I, such that the curves x; =
constant and x, = constant follow the orthogonal lines of curvature on I' [110]; see Figure[6.3] (In the
following, curvilinear coordinate expressions for various differentials are frequently used, e.g. the
surface gradient operator and surface Laplacian, as detailed in [114].) In this coordinate system, the
curvature tensor is diagonal and the diagonal components are the principal curvatures of I', denoted
by k; and k,. Let e; and e, be the unit orthogonal vectors tangent to the curves of constant x, and
x;, respectively. They are related to the metric coefficients m; via 0X/0dx; = m;e;, and the arc length
element ds satisfies ds? = (m; dx;)?+ (m, dx,)?. Given this coordinate system on T, it is extended off
the surface into full three-dimensional space in the normal direction e; := e, x e,. This 3D coordinate
system is given by (x;, x2, ¥) = X(x1,x2) + yes(xy, x,). Such a coordinate system is well-defined
provided that y and the curvatures ki, k, allow a one-to-one map. The metric coefhicients hy, h,, h;

“Importantly, however, the final evolution equations will be a coordinate-free expression involving surface diver-
gence and gradient operators.
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in these coordinates are
hi=m;(1-k;y), hs;=L
Notice that the metric changes in the normal direction, according to how much curvature the surface
exhibits.
Let 11 = 5(xy, x2, t) be the half-thickness of the film. Then the upper (+) and lower (-) free
surfaces are given by y = £7(x;, x, t) and the liquid occupies the region |y| < #(x, x,, t). At the
upper free surface, the unnormalised tangent vectors are

)
ti = a_x,-(X(xl’xz) + 17 (x1, X2, t)e3(x1,x2))
= m;e; + (0y,1)es + 1 Oy, €;
=he;+ (0y,n)es at y=n.
The normal vector of the upper free surface is thus proportionafjto
nocty xty = (-hyo,n,—hioy,n, hy) at y=n.

Expressions for the normal and tangent vectors at the lower free surface are the same except for
some minus signs.

Kinematic condition

The kinematic condition states that fluid particles on the free surface remain on the surface, and leads
to an equation relating #, to the velocity (u;, u,, v) of the fluid evaluated at the free surface. To derive
the formula, let x(t) = (x;(t), x2(t), y(t)) be the position of a particle on the upper free surface. Its
instantaneous velocity is (u, u,,v) which implies X = (u;/hy, uy/h,,v). Since #(x;, x5, t) = y = 0,
differentiating with respect to ¢, one obtains

u u
nt:v_h_iaxlﬂ_h_zaxZW at y:”' (6.8)

A similar equation holds for the lower free surface.

Conservation of mass

Combined with the kinematic condition, conservation of mass yields a conservation law for the
thickness function #. For an arbitrary divergence-free velocity field (u, u,, v), the conservation law
is

2(1+ kikon) e + Vs - Q= 0, (6.9)

where V- is the surface divergence operator, and Q = Q(x;, x,) is an effective total flux that integrates
the tangential components of the velocity field in the normal direction, and is given by

n
Q-= / w(1-kyy)er+u(1-kiy)eydy. (6.10)
-

3A three-tuple ( £y, f2, f3) indicates the vector fie; + f>e; + fze.
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To derive (6.9), consider a small test volume bounded by the instantaneous free surfaces and coordi-
nate surfaces x, x; + dxy, X2, X, + dx;,, as depicted in Figure The rate at which fluid leaves this
volume (expressed to first order of infinitesimal quantities dx; and dx;,) is the sum of four terms:

first
q(x1+dx1,x2) 77( X1,X: 2)
[ ulhzdxz)‘x @Y - / (ull’lzdxz)‘ dy

—n(x1+dx1,x2) n(x1.%2

for the surfaces x; and x; + dx;; second

n(x1,x2+dx2) X2)
f (urhy dxl)‘x i, dy - /( (uzhldxl)‘xzdy
n(x1,x2

- (x1,x2+dx;)

for the surfaces x, and x, + dx,. The remaining two terms are for the upper and lower free surface,
requiring the calculation off ., ndS. Sincen = (t; x t;)/|ti x ;| and dS = |ty x t,|dx,dx,, by
utilising the kinematic condltlon , it follows that

f u-ndS = (uy, uy,v) - (=hy0,,1, —10x,1, hy) dxydx, = hihon, dxdx, at  y=y.
y=n

A similar equation holds for the lower free surface. Incompressibility of the flow field requires that
the net flux of fluid out of this volume is zero. Adding up the four contributions, equating to zero,
and then dividing by dx;dx, gives

1 ﬂ(xﬁdxl»xz) n(x1.x2)
(h I’l2|y 1 + I’l h2|y —r])ﬂt dx / Ml 2)|x1+dx1 Y- [ u1h2)|xldy

—n(x1+dx1,x2)

1 q(xl,xz+dxz) L I d
[ u u
dx, .[q(xl x2+dx;) 2 )lxﬁd” - —/11( x1,%2) ( 2 )| 4

0 0
g VAR DA

where on the last line the limit dx;, dx, — 0 has been taken. Now note that for a vector-valued
function f = (f;, f,) defined on the surface T, the surface divergence of f is given by the expression
V- f = m[axl(mzfl) + 0y, (m1f>) | Hence, upon defining the total flux Q as in (6.10), one finds
that

2(1+ ki), = [(1= k) (1= kan) + (1+ kan) (1 + ko) | e

1
= m(hlhzblzrl + h1h2|y:77])’1t — _vs A Q.

Scaling and non-dimensionalisation

In order to construct a leading order asymptotic solution of the governing Navier-Stokes equations
in the lamella, appropriate scales must be specified. These, in turn, are used to non-dimensionalise
the equations. In the following, typical scaling arguments are used (see [101,102] for a general review
of such methods). Let L be a tangential reference scale. This is the same as the typical radius of
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curvature of the surface I’; it is also the scale on which film thickness varies. Let H denote the typical
film thickness. The so-called “lubrication limit” for which € := H/L <« 1is considered, where one
seeks leading order solutions of the Navier-Stokes equations as € — 0.

The coordinate system is non-dimensionalised by using the scaled coordinates Y := y/H and
X; := x;/L = ex;/H. A velocity scale of U, is chosen for the tangential direction, so that the non-
dimensionalised velocity components in the tangential direction are U; := u;/U,. The natural
time scale is L/Uy = H/(eUy), which gives T := ¢Uyt/H. Meanwhile, the incompressibility con-
straint V - u = 0 implies that the normal component of the velocity field is scaled according to
V :=v/(eUy), and the natural scaling for pressure is P := ¢eHp/(uU,). The principal curvatures of
the surface I are scaled relative to 1/L giving K; := Hk;/e. Finally, the film thickness function # is
non-dimensionalised with { := n/H.

Leading order flow equations

By using the curvilinear coordinate expressions for the gradient, Laplacian, etc. in the (x;, x,, ¥)
coordinate system (see [114]), one can write the Navier-Stokes momentum equations

p(u;+u-vu) =-Vp+uAu+pgg (6.11)

in the new scaled variables. The result is a complicated expression involving different powers of €,
but keeping only the lowest order terms, one obtaing*|for the i = 1,2 component of (6.11)

1
h;

1 9 hy 3(hUy)

O(eRe) = h.oY h, oY

aXiP-F

+Gg; +0O(e),

while the i = 3 component leads to
O(e?Re) = -9yP +eG g + O(?).

Here, Re = pUyH/u is the Reynolds number relative to the length scale H, G = pgH?/(uUy) is a
unit order gravity number, and § = (§1, £, §3) is a unit vector pointing in the direction of gravity. In
the lubrication limit, it is typically assumed that the Reynolds number is O(1) as € — 0. In addition,
it is assumed that G = (1), so that the flow is not strongly dominated by gravitational effects. The
asymptotic approximation for the leading order flow comes from assuming that higher order terms
are negligible, and so only the leading order terms are kept. In this limit, the above set of equations
reduces to
ayyU,'Z mi’_ax,.P—Ggi, i:1,2,
{ ayp = O

In the original unscaled and dimensional quantities, they are

-1 _ s P
{ /’la}’}’u’ Wliagip _Poggl’ 1 1’ 2’ (6.12)
yP=0.

4 A primed index denotes the dual tangential component, i.e. if i € {1,2} then i’ =3 - i.
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Boundary conditions

The no-slip boundary conditions requires that
uy=u;=0 at y==+n.

Surface tension on the upper and lower free surface provides the remaining boundary condition,
via the Young-Laplace equation describing the pressure jump across the free surfaces, i.e. [p] = ok,
where [-] denotes the jump in value, ¢ is the surface tension, and « is the mean curvature of the
interfacef| Since the formula to calculate the mean curvature of the free surface is a complicated
nonlinear expression, one can instead approximate it through an asymptotic expansion in €. To
do so, one approach is to observe that the (upper) free surface is the zero level set of the function
f(x1,x2, ) =y —1(x1,x,),and so k = V- (Vf/|V f]). Using the curvilinear coordinate expressions
for vector differentials and the appropriate scales, a tedious calculation shows that

K=-K - K, +e(Ki+ K3 +eA(+ O(2)

where (K, Ky, K;) = L(k, ky, k) are non-dimensionalised curvature quantities and ( is the scaled
film-thickness. Keeping the leading order terms, and in the original variables,

K=~k —ky+ (ki +k3)n + Ay.

Recall that the lamella is assumed to have constant mean curvature, so that k; + k, is constant. It
follows from the Young-Laplace equation that this term can be effectively absorbed into the back-
ground reference pressure. Hence, after correctly accounting for orientation, the pressure at the free
surface satisfies the relation

p=-0((ki+k)n+Am) at y=n. (6.13)

Solution

The solution of the leading order flow equations with the given boundary conditions is straight-
forward. From (6.12), the pressure p is constant in the normal direction, with value determined
by (6.13). Meanwhile, the tangential velocity attains a parabolic profile, and with no-slip boundary
conditions, has the solution|

1
(Lll, Mz) = ﬁ(vsp - ngs)(yz - ;12)

>Strictly speaking, the Young-Laplace equation only applies to static interfaces between two fluids. In full generality,
one may consider the general stress balance equation for a free capillary surface, which requires that n- T -n = ok where
T = —pIl + u(Vu + vu®) is the stress tensor for an incompressible Newtonian fluid. By writing this equation in scaled,
non-dimensionalised quantities, one can construct an asymptotic approximation of stress balance for the free surface
on the lamella. The leading order approximation of the resulting expression as € — 0 is appropriate, and this reduces to
the Young-Laplace equation.

Here, a subtle assumption has been made that the gravitational term has negligible variation in the normal direction.
This is mainly required by the condition that the thin film remains symmetric about the surface I'.
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Q(¢)

Figure 6.4. (Left) Cross-section of a Plateau border — a “rounded triangle” in which each side is an arc of a
circle with radius r. (Right) In the model, a Plateau border may have variable thickness along its extent, however
the cross-sectional area () is always a rounded triangle as shown on the left.

Here, curvilinear expression for the surface gradient have been used, and g; denotes the tangential
component of . Finally, using the conservation of mass formula leads to an evolution equation
for #: a simple integral calculation reveals that

2 A
Q-= _5113<—0'V5((k12 + k%)ﬂ + As”l) - ngs)’

and sdl’] 1
UREvAL (on’ V(K +Kk3)n + D) + pggs ) = 0.

6.5.2 Derivation of the Plateau border thin-film equation

In this section, the “thin-film equation” for an idealised Plateau border is derived. The idea and
method of the derivation is similar to the case of a lamella: a Stokes flow approximation is considered
together with the Young-Laplace equation for surface tension. The Plateau border’s trajectory is
parameterised with arc length € and its thickness is allowed to vary along its extent. To extract
leading order flow equations, the thickness of the Plateau border is assumed to be much smaller
than the radius of curvature seen in its macroscopic trajectory (the “line curvature”). In addition,
the cross-sectional shape is idealised as a rounded triangle as shown in Figure as satisfied by
Plateau borders in dry foams [63]]. This shape arises because the thickness of the lamellae connected
to the three arms is much smaller than the thickness of the Plateau border, while balance of surface
tension for steady flow implies that the arcs have constant radius of curvature. This cross-section at
position ¢ is denoted by Q(£). The radius of curvature at the boundary of this triangle is r, and this
is related to the area A = |Q(¢€)| of the triangle by

A=(V3-2)r (6.14)

Given the scale assumptions already made, it can be assumed that any line curvature of the Plateau
border is negligible. It follows that the amount of fluid in a line element d¢ is p A d¢. Conservation

"Note that the term k; k,7?* in the conservation of mass equation is an O(€?) correction, and thus can be neglected.
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of mass leads to the evolution equation|

A+ % o0 u=3S, (6.15)
where u denotes the tangential component of the fluid velocity, integrated over the cross-section
Q(¢). Here, S is a source term which is needed to account for the flux boundary condition, such
that pS has units of mass per length per time.

Stokes flow with the no-slip boundary condition yields a flow of the “parabolic” type. Indeed, let
€ be the ratio of the typical diameter of the Plateau border to its length. Then € << 1, and as in the
case of the lamella, one can extract the first order asymptotic solution of the governing equations of
flow as € — 0. Similar to (6.12)) in the case of the lamella, this leads to

plhau =0ep —pgg: in Q(f),

where Aq denotes the Laplacian on the two-dimensional Euclidean surface Q(¢) and ¢, is the
tangential component of gravity. Meanwhile, the Young-Laplace equation determines the pressure
on the cross-section as p = ok where « is the mean curvature at the surface. Utilising the scales
once again, the curvature can be approximated as ¥ = 1/r, since the principal curvatures of the
Plateau border are essentially the curvature seen in its cross-section and that seen along its trajectory.
Equation thus gives « = —(v/3 — 17)?A~* (the minus sign correctly accounts for orientation).
Solving these set of equations, it follows that

1 1 1
u= ;(pggpL o(V/3- 2)29,A7%) w

where w is the solution of

{ Agw = -1 in Q(2), (6.16)

w=0 ondQ(?).

Figurel6.5illustrates the profile of the solution w. Straightforward scaling arguments show that there
is a constant C, > 0, depending only on the shape of Q(¢) but not its size, such that

w = CA|Q(€)|2 = CA/XZ.
(o)
By making use of the conservation of mass equation (6.15)), it follows that
Ca 0
p o
$Consider a small length element [¢, £+ d¢] on the Plateau border. The total mass inside the element s p |, €€+d€ Ads.

In a time interval dt, a mass of dt p fQ(e) u dS enters from the left, a mass dt p f0(€+d€) u dS exits at the right and mass
of dt d¢p S arises from the source term. Letting dt — 0, one obtains

d €+d€/\d ds ds Sde
p%fe S_p[fo(e)u _/S)(€+d€)u ]+p ’

A+ (-3(v3-2)i0hi0:1 + pgir) = .

which leads to (6.15).
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-

Figure 6.5. Solution of Aw = -1 with zero Dirichlet boundary conditions in a cross-section of the Plateau border,
represented as a height function.

Finally, to determine the precise value of C,, a finite element method was used to solve (6.16);
convergence studies were performed that determined C, ~ 0.0201, accurate to three significant
digits.

6.5.3 Flux boundary condition

The process by which fluid drains from the lamella into the Plateau borders on its boundary (due
to the reduced pressure in the Plateau border), called “marginal regeneration”, suggests that there
is a flux-type boundary condition between the two domains. One treatment of this subject is in
[107]], wherein the authors consider regimes in which the concentration of surfactant can change
over time, and mainly consider liquids that have slip at the liquid-gas interface. In [108], stress free
boundary conditions are considered, showing that in this case, suction of liquid at Plateau borders
is instantaneously transmitted throughout the film. However, in this work, the case in which the
liquid films exhibit immobile boundary conditions is considered. In this case, similar arguments
can be used to derive a flux boundary condition, as follows.

Suppose there is a transition region between the lamella and the Plateau border, in which the
flow transitions from the Stokes-type flow in the lamella, to the Stokes flow in the cross-section of
the Plateau border. On one side of the transition region, the thickness of the liquid equals that in
the lamella, 7. On the other side, the curvature of the free surface equals that of the Plateau border,
1/r. Assume, as in [107]], that throughout this transition region, the fluid thickness remains on the
same scale as the lamella. This imposes a constraint on its width w satisfying w = O(,/%7). Now,
consider the pressure. The Young-Laplace equation implies that the pressure difference between the
two ends of the transition region is approximately o/r, since the curvature at the Plateau border
dominates that at the lamella. Hence the pressure gradient p,, as measured in the outwards pointing
direction orthogonal to the boundary of the lamella, is approximately o /(rw). Stokes flow (and the
no-slip boundary condition) in the transition region then shows that the total flux, measured in the
outwards pointing direction and near the side connected to the lamella, is

_n, _no Sy oo
Q_ [upx— {/IT (9((111’) )_C!/”,g/z'

5/2
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This simple derivation does not determine what value C = O(1) carries. To determine that would re-
quire more careful matched asymptotics, which is not considered here. The flux boundary condition
is implemented as follows: using (6.14)) to relate A to r, define

5/2
o

Q(n,A) == C(\/g_ %) P

(6.17)
This relation is used in equations (7.8)) and (7.10) in the next chapter to implement the flux boundary
condition. In the simulations presented here, the value of the constant was set to C = 3. This lead to
qualitative agreement with some experimental results, however a more careful justification of this
flux boundary condition would be beneficial.

6.5.4 Boundary layer scaling

Finally, in this section, a scaling argument is used to determine the width of certain boundary layers
which develop in the draining of a lamella. This scaling is used as part of the discussion of the results
in the following chapter. Consider a lamella which starts with a uniform thickness #,. As the lamella
drains into nearby Plateau borders, a boundary layer develops (see, for example, Figure [Z13), the
width of which depends on 7, and the thickness A of the connecting Plateau borders. To investigate
the scaling, consider a simplification of the governing thin-film equation in one-dimension, on the
half-line [0, c0), such that 5 = 5(x) satisfies the conservation equation 7, + 9,Q = 0, where

R S P
Q-= 3#(011 (K21 + 11x)).- (6.18)

Here, the effect of gravity has been assumed negligible. The flux boundary condition yields the
condition that

0,75/2
L

where A is the thickness of an idealised Plateau border situated at x = 0. Non-dimensionalising (6.18))
and (6.19) with a reference length scale of L yields

Mo 39 (72 ’7?/2 o2
s (O 0K+ 152)) = =

Q=-C at x=0, (6.19)

(6.20)

where A is a typical Plateau border thickness, and where the tilde denotes non-dimensional quan-
tities. To find the scaling of the boundary layer, one expects the length scale L should balance the
flux with the flux boundary condition. Rearranging (6.20)), this yields L = (’)(17})/ 2/\2)/ *) as the scaling
of the boundary layer width. These simple arguments do not reveal how the width depends on the
time of drainage - this could be determined by finding solutions of the governing PDE, for example
with a self-similarity reduction to a nonlinear ordinary differential equation. Instead, additional
numerical experiments were performed, using the methods in the next chapter, and suggested that
the relation L ~ An})/ 2)&})/ * gave a good indication of the boundary layer width, where the value of A
is order one, with a weak dependence on time, for the typical drainage time scales considered.
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Chapter 7

Numerical Methods for Foam Dynamics

In the previous chapter, a multiscale model of foam dynamics was developed. Recall that the model
separates foam dynamics into three coupled phases: rearrangement, drainage, and rupture. In order
to implement the associated computational framework, several new numerical methods have been
developed for each of these phases. In the next set of sections, these algorithms are presented and
their convergence is tested. The entire system is then coupled and results are shown for a variety of
problems in foam dynamics in the last section.

71 Numerical methods for the rearrangement phase

In the rearrangement phase, the incompressible Navier-Stokes equations for the gas phase are solved,
together with the equations for local conservation of mass for the liquid contained in the lamellae
and Plateau borders. Briefly, the Navier-Stokes equations are solved on a fixed Cartesian grid using a
second order approximate projection method. To track the interface, the Voronoi Implicit Interface
Method is used, and for the local conservation of the thickness functions A and #, a Lagrangian based
scheme is developed. The main algorithm for the evolution during the macroscopic rearrangement
phase is:

1. Initialise the VIIM unsigned distance function ¢° and indicator function y° at time step zero,
together with A° and #°. Initialise the gas velocity field with u® = 0.

2. Enter time step loop: forn =0,1,.. .,

(i) Advance the interface and velocity field in time to find ¢"*! and u"*! at time step ¢"*!

(§7L1and §71.2).
(ii) Update the thickness functions to find A"*! and #"*! (§71.3).

(iii) Check for equilibrium (§71.5) and if it has been reached, execute the drainage phase
(§7.2). Otherwise, continue time stepping.



CHAPTER 7. NUMERICAL METHODS FOR FOAM DYNAMICS 112

71.1 Interface tracking

The VIIM is used to track the motion of the network of interfaces (i.e. the membranes) in the
foam. Here, the bubbles and the exterior region are considered separate regions (“phases” in the
terminology of Chapter [3) in the multiphase interface evolution. A shown in of Chapter
the VIIM provides an ideal framework to accurately calculate effects of surface tension, not only
on membrane surfaces, but at junctions as well. In particular, in this application of Navier-Stokes
driven interface evolution, the interface is simply advected by the velocity field u of the gas. In this
work, the numerical method identified by the € = 0* limit (see is extensively used, and the
implementation essentially used multiple narrow-banded level set functions.

Since the viscosity of a typical gas species is relatively low, the velocity field computed by Navier-
Stokes is often not particularly smooth. Asa result, one may expect that the use of extension velocities
could provide better numerical results, in terms of reduction of numerical diffusion and increased
conservation of mass. This was indeed the case — extension velocities significantly reduced the
effect of currents that exist nearby the interface. The method to calculate the extension velocity is
relatively straightforward: at each time step, the Voronoi interface is reconstructed as a mesh, by
using the same mesh that is employed in surface tension calculations. For each grid point in a small
initial band surrounding the Voronoi interface, an extension velocity is calculated at the grid point
by interpolating the velocity field at the corresponding closest point on the mesh (using trilinear
interpolation). The initial band is then used to calculate the extension velocity in the entire narrow
band of ¢, using the pre-sorted fast marching strategy described in Once found, the extension
velocity is used together with a standard second order ENO upwinding scheme to advect the level
set functions in the VIIM.

7.1.2 Solving the Navier-Stokes equations

The Navier-Stokes solver used in the foam model is similar to the method developed for multiphase
fluid flow problems in Except for the fact that the interface evolution in the VIIM is first order,
the Navier-Stokes solver implemented here is second order (in space and time). Specifically, a second
order approximate projection method is used, together with a Godunov scheme for the advection
term, based on the work developed in [115] . These improvements, compared to the solver used in
Chapter 4, were made in order to better treat the low-viscosity gas dynamics. In more detail, the
second order approximate projection method finds an intermediate velocity u* such that

Au* + Au”
2

u* —-u” nal nol
pul =+ (u-Vu) 1) = -Vt g +st.. (71)
Here, the advection term (u- Vu)"*2 is implemented with a second order unsplit Godunov scheme
(see [115]]), while the diffusion term is implemented with a standard Crank-Nicholson scheme. Sur-

face tension is computed as a body force with a regularised Dirac delta function, such that

st(x) =0 [ (em)(7)0,(x - ») s,
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using the method described in This method of calculating surface tension is physically consis-
tent, since in the case of a dry foam, each bubble is separated from the others by a thin membrane.
Moreover, the method automatically enforces Plateau’s laws, i.e. lamellae make 120° angles at Plateau
borders and quadruple points have symmetric angle conditions. To complete the projection step,
once the intermediate velocity in is found, the velocity at the next time step is determined by
performing a projection

un+1 —u” u* —u”

At At )
Here, P is a projection operator which takes a velocity field and projects it onto the space of diver-
gence free velocity fields, and in so doing, determines the pressure p”*é at the next time interval.
The projection operator is essentially equivalent to the projection method described in for
more details, including a discussion on the merits of projecting u, (as is done in (7.2)) rather than
projecting u*, the reader is referred to [115] and the references therein.

- 79( (72)

7.1.3 Local conservation law

Recall the local conservation equation for evolving the lamella film thickness #, which states that

d

— dS=0 73

dt Js() 1 (73)
for any surface patch S(t) on a lamella T that is passively advected by the velocity field u. One
approach for solving this conservation law is developed in [116, 117], wherein 7 is extended off the
interface I and the conservation law is rewritten in strong form as a PDE for the extension function

satisfying]]

Jdu
meru-vn=(n- 5=V u). (7.4)

Here, n is the normal vector field for the interface I', while the term in brackets measures the local
stretching and compression of the interface in the directions tangential to the surface. In [116, 117],
this PDE is solved via standard techniques on a background grid, leading to an Eulerian approach
that offers certain advantages especially when the interface I' is a sufficiently smooth closed surface.
However, in this application, we have an interconnected network of lamellae with individually-
defined # functions, possibly being created and destroyed as the foam undergoes topological change.
In this setting, a Lagrangian particle-based approach offers some advantages, and has been adopted
here.

The Lagrangian approach is based on a simple method of characteristics corresponding to the
PDE (7.4)). Consider a specific lamella with surface T. On T, a set of particles is uniformly seeded with
positions x;, i = 1,..., N, and each particle carries a thickness #;. A specific particle’s coordinates

""The formulas derived and presented in [116] do not appear as succinctly as written here, but it is a simple exercise
to show they are equivalent; see also the derivation presented in [118].



CHAPTER 7. NUMERICAL METHODS FOR FOAM DYNAMICS 114

and thickness values are evolved in time by solving the ODE system

ixi =u,

Ju
d, _
i = (l‘l' a _V‘U)ﬂi.
In fact, one can simplify this further by noting that V - u = 0, due to the incompressibility con-
straint. To solve this ODE for each particle, a simple forward Euler scheme together with trilinear
interpolation of the velocity field is used, as follows:

it ex
At =u"(x})

it -l u”(x?+hﬁ) —u”(x?—hﬁ)
At 2h

Here, u” is evaluated from a trilinear interpolation of the values defined on the grid, and the normal
of the interface at x/', denoted by 7 in the above, is evaluated by a finite difference approximation
based on the level set functions used in the VIIM.

A similar algorithm is used to track the thickness of the Plateau borders. In this case, the local
conservation law states that

d

— Ads=0

dt Ji)
for any line segment L(¢) on the Plateau border that is passively advected by the velocity field. Parti-
cles on the Plateau border are seeded with positions x; and carry thickness values A;. By considering
infinitesimal line segments, it is straightforward to derive the corresponding differential equations

for the particles, which are given by

Here, 7 = 7(x;) is a unit tangent vector to the Plateau border, and in analogy with the case of the
lamella, the term in parentheses measures the local stretching and compression of the Plateau border.
A similar forward Euler and finite difference scheme is used to update the A thickness values for
particles on the Plateau border.

One side effect of this otherwise simple Lagrangian approach is that, over time, the particles on
the surface of the lamellae can easily become dispersed in areas and highly concentrated in others.
It therefore becomes necessary to intermittently reseed the particles by creating and destroying
particles with the goal of establishing a more uniform concentration. To reseed particles, and also
to seed particles at the beginning of the simulation, the entire multiphase interface is extracted as a
triangulated mesh, using the algorithm described in This produces a collection of triangles for
each lamella and a set of line segments for each Plateau border. One # particle is created for each
mesh triangle and one A particle is created for each Plateau border mesh segment. When particles
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are created, their initial thickness values are determined by interpolating the thickness values of
old particles - in other words, a scattered data interpolation problem must be solved. To do this, a
simple algorithm has been designed, based on the idea of finding a suitable set of particles which
are as close as possible to the interpolation point x and which can be used to interpolate with. In
particular, given a point x, the closest three points to x are found that have the property that the
projection of x onto the triangle formed by the three points is in the interior of the triangle. The
method is given in detail in Algorithm

Algorithm 7 Interpolation of scattered particles

Suppose {x;}Y, is a collection of distinct points located on a sufficiently smooth surface, together with function values
{f;}X,. Given an interpolation point x on or near the same surface:

1: Order the points by proximity to x, such that d(x;, x) < d(x;,x) <d(x3,x) <--- < d(xn, x).

2: fori=2,...,Ndoforj=1,...,i-1dofork=0,...,j-1do

3 Let x, be the projection of x onto the plane formed by points x;, x;, and x.

4: if x, is inside the triangle formed by x;, x; and x; then

5: Determine the unique function p such that p is a linear polynomial on the plane formed by x;, x;, xi

and which interpolates f; at x, (for € = i, j, k).
6: Return the value of p at the projection point x, and exit.

7: If no appropriate interpolation triangle was found, return f;.

This algorithm provides a general purpose method of accurately reseeding the Lagrangian parti-
cles used to track the lamellae and Plateau border film thickness functions. Some comments are
necessary:

o For the general particle reseeding problem, the existing particles can be binned into grid
cells, and this information can be used to make the search and proximity ordering part of the
interpolation algorithm very efficient. In particular, in line|l{above, only the particles located
within one grid cell on either side of the interpolation point x are considered. Even with such
few particles in consideration, it was found that in practice, line [7| was rarely executed. In
other words, a successful triad of particles (x;, x;j, xi) (in close proximity to x and on which
the projection of x is in the interior) was almost always found.

« For the case of the Plateau border, a similar algorithm is used: the closest pair of points (x;, x;)
is found with the property that the projection of x onto the line formed by (x;, x;) is inside
the segment, and then linear interpolation of the two (f;, f;) values are used.

« If the function f being interpolated is smooth, the interpolation algorithm is second order
accurate in h, where h is the approximate particle separation.

As mentioned above, reseeding the Lagrangian particles must be performed intermittently in order
to ensure they do not become too dispersed. In principle, this only has to be done a fixed number of
times in the course of a simulation, even as At — 0. In this work however, for reasons of simplicity
(and in connection with topological changes, see §7.1.4), the reseeding process was executed every
fixed number of time steps. Because the interpolation algorithm is second order accurate, but the
advection and evolution of the particles is only first order accurate, it is expected that the error in



CHAPTER 7. NUMERICAL METHODS FOR FOAM DYNAMICS 116

evolving the particles dominates the error contributed by interpolation. This is confirmed in the
following convergence tests.

Convergence tests

Here, some tests are performed to confirm the numerical properties of the above Lagrangian particle-

11

based scheme. Consider a sphere with radius r = }, located at the origin in the domain Q = [-3, 1],

initialised with a uniform thickness of # = 1. It is advected by the velocity field u = (u, v, w) given by

u(x, y,z, t) := sin mx cos 2mt,

v(x,y,2,t) = —12y, (7.5)
w(x, y,z,t) =22z

This velocity field is designed to be a nontrivial velocity field satistying V - u = 0, and for which
pathlines can be computed directly with a closed-form expression. Specifically, a particle with initial
position (xy, yo, zo) has a pathline x(¢) = (x(¢), y(t),z(t)) satisfying x(¢) = u(x(t), t), and this
has the solution

l .
x(t) = 2 arctan(ez "2 tan 0 ),

(t) = e—%sinZﬂt(l_i_ QSN2 o 2@)(1+t zm)—1 1/3
YE)=Yo n- = an® %5 ,

1 . _1\2/3
z(t) =z (6‘5““2’”(1 + 2™ tan? 0 ) (1 + tan® 22 ) ) :
Over the time interval 0 < t < 1, the sphere stretches and compresses, returning to its original
shape at t = 1 and t = 1. Let P(t) : Q — Q denote the pathline mapping, i.e. P(t)(xo, yo,%0) =
(x(t), y(t),2z(t)). Then P(t) is invertible and its inverse is simply P(-t). Given a point x on the
interface at time ¢, the exact thickness value can be computed with the formula

. |(e71) x (e72)|
100 = IR B O em) - ) x (PO +er) — )

where 7, and 7, are orthogonal tangent vectors to the sphere at the point y. Equation is derived
directly from (73), and states that an infinitesimal surface element on the sphere at time ¢ = 0 is
mapped to a different infinitesimal surface element under P(t), and the ratio of their areas gives the
change in thickness of #. Formula could further be simplified by computing the limit in terms
of the derivatives of P, however it is sufficient to evaluate the right hand side with a fixed and small
value of € (in effect, performing numerical differentiation); in the following, a value of € = 107° is
used, which is enough to determine the solution with approximately six digits of accuracy. In Figure
the evolution of the sphere and the resulting thickness function is shown.

Using the VIIM to advect the sphere by the velocity field (forward Euler in time and a
second order ENO algorithm for the advection term), the thickness function # is evolved by using
the particle scheme described above. On a grid of n x n x n cells (corresponding to h = 1/n), the

where y = P(-t)(x), (7.6)
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Figure 7.1. Evolution of the lamella thickness function for a sphere advected by the velocity field defined in (73).
Solution computed on a 128 x 128 x 128 grid.

seeding algorithm described above is used to generate N = O(n?) particles {x;}¥, on the sphere,
initialised with thickness #; = 1. Two measures of the total error, based on an L? and L* norm in
space, are defined with

N 1/2
ez = max (% Z; i = n(xi, t)|2) o= maxmax [1i = n(xi1)].
In Table[71} the results are presented for two time stepping schemes. In the first, At = h/6 and the
particles are reseeded every 16 time steps. In the second, At = ®h? and there is no reseeding. The
results in Table |71 agree with the expectation that the scheme is first order accurate in time and
second order accurate in space. The reseeding/reconstruction procedure itself is second order in
space, and this does not interfere with the overall error provided the total accumulated error from
reconstruction is less than other accumulated truncation errors.

71.4 Topological changes

During the rearrangement phase, topological changes often occur, whereby bubbles change neigh-
bourship with other bubbles. When such a change takes place, individual lamellae and Plateau
borders disappear, and new interfaces are born after the topological change. With regards to track-
ing the interface as a whole (i.e. the entire network of lamellae), these topological changes are
automatically handled by the VIIM framework. However, the particle based approach for tracking
film thicknesses needs more explicit treatment, and this is discussed here.

At o< h At o< h?
h Coo order e, order €oo order e, order
1/32 0.03928 - 0.01991 - 0.01964 - 0.01181 -
1/64 0.02060 0.9 0.01182 0.8 0.00524 19 0.00286 2.0
1/128  0.01067 0.9 0.00651 0.9 0.00158 1.7 0.00071 2.0
1/256  0.005820 0.9 0.00341 0.9 0.00044 1.8 0.00018 2.0

Table 7.1. Corresponding to the evolution shown in Figure convergence results for the thickness function 7
for different grid sizes.
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Figure 7.2. A T1 topological change in two dimensions. An initial configuration (left) evolves into an unstable
configuration with a quadruple point (middle), soon after splitting and forming a new film (right).

Consider a two-dimensional case, more specifically, a T1 topological change — see Figure
Here, the horizontal interface in the middle shrinks and disappears, and a new vertical interface is
born. At the same time, the two triple points in Figure [7.2| (left) come closer, merge into a single
quadruple point, and split apart into two new triple points in Figure [7.2] (right). It is difficult to
precisely track the film thicknesses of the fluid in these interfaces throughout this process, primarily
because a topological change involves a complicated interaction of macroscopic and microscopic
fluid dynamics. For example, Durand and Stone [97] have examined what role various physical
parameters of the fluid play (such as surface viscoelasticity) in the time it takes for a T1 event to
occur. The situation in three dimensions is likely to be even more involved.

Instead of resorting to a fully three-dimensional simulation, operating under the extreme scales
of the films, a simple procedure is used to provide a mechanism for redistributing liquid mass. After
a topological change occurs, liquid mass from destroyed lamellae and Plateau borders is equally
divided amongst the newly created lamellae and Plateau borders. This method is based on conser-
vation of liquid mass, and the idea that during the topological change, Plateau border and lamella
liquid dynamics occur on the same spatial scale and contribute equally to the destruction and cre-
ation of interfaces. In the numerical algorithm, this reassignment of liquid mass takes place when
the Lagrangian particles are reseeded: the mass associated with particles for destroyed interfaces is
collected into a reserve. This reserve is evenly distributed amongst new interfaces to create particles
with thickness values based on the measure of the interfaces. Importantly, this reassignment of
mass occurs only locally, so that if multiple topological changes have occurred since the last reseed
event, mass is not unphysically transferred to other parts of the system. To ensure this redistribution
of mass is as localised an event as possible, it is necessary to detect for such topological changes
frequently, and in this work, this is done every 20-60 time steps of the Navier-Stokes solver.

7.1.5 Testing for macroscopic equilibrium

The Navier-Stokes equations, interface evolution, and local conservation laws are solved until the
collection of bubbles reaches a macroscopic equilibrium. A simple method is employed to determine
when equilibrium is reached: snapshots of the interface configuration are taken at regular time
intervals, and if the “difference” between one snapshot and the next falls below some threshold, then
the interface is declared to be stationary. This difference is calculated by simply counting the number
of grid points for which the indicator function y used in the VIIM is different. Suitably weighted by
the surface area of each phase, this is a simple estimate of the volume occupied by the exclusive-or
boolean operation applied to the current and past interface configuration. The snapshot interval
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must be long enough to eliminate false positives, while the tolerance must be chosen so that grid-size
oscillations (occurring even when the system as a whole is stationary) are not scrutinised too heavily.
The interval and threshold can easily be determined empirically, although this could be automated
by using the characteristic time of rearrangement (often dictated by the Navier-Stokes time step CFL
condition) and a threshold based on distances in units of grid points. Despite the simplicity of the
method, investigations have shown that it works well and robustly detects equilibrium.

71.6 Implementation and parallelisation

All of the above has been parallelised using a simple domain decomposition approach, wherein the
background rectangular Cartesian grid is subdivided into smaller grids that are assigned to individual
processor in an MPI implementation. Synchronisation of grid-based data on the subdomains is
performed using ghost layers of sufficient size, while the Lagrangian particles are assigned ownership
to individual processors, and their ownership is transferred whenever particles cross processor
boundaries. The Crank-Nicholson step in the Navier-Stokes solver has been implemented with
a simple parallelised Conjugate Gradient algorithm, while the pressure Poisson problem (for the
projection step) is solved with a parallelised multigrid algorithm. It was found that this approach
scales well up to 1000s of processors.

7.2 Numerical methods for the drainage phase

In the drainage phase, it is assumed that the macroscopic rearrangement of bubbles has reached
an equilibrium, and thus the network of membranes is stationary. The goal is to solve the coupled
nonlinear system of thin-film equations for the thickness functions # and A, until such time that a
lamella becomes critically thin and ruptures. In summary, the system of equations is:

o For each lamella with surface T, the lamella thin-film equation is

N+ Vs-Q=0onT, where

1 (7.7)
Q=g (on'V:((K + K5y + Aan) + pger’)
subject to the boundary conditions
9 _ y=tl
0 and Q:-v=3Q(n,A) onodl, (7.8)

ov

where v is the outwards-pointing unit vector orthogonal to oI' and tangential to I'. Here, Q is
the vector flux of liquid in the lamella while Q is the function determining the flux where a
lamella connects with Plateau border, as defined in (6.17). Thus, the value of A in changes
along each piece and between pieces on the boundary of T'.
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« For each Plateau border, parameterised by arc-length ¢, the evolution equation is
Ao+ =22 (<3 (V3- D) 20N29,0 + Vg, ) = S. (79)
¢

Here, C, ~ 0.0201 is a constant associated with the cross-sectional shape of the Plateau border
(see §6.5.2), and S is a source term determined by the sum of fluxes of incoming liquid of the
three lamellae connected to the Plateau border, and is given by

3
S = Z; Q(ni, 1), (7.10)

where 7; is the thickness of lamella i. Equation is supplemented by a quadruple point
boundary condition where four Plateau borders meet: let A;, i = 1,...,4, denote the four
Plateau border thickness functions, then at each quadruple point,

A=A =2A3= A4, d
{ 1 2 3 4 an (711)

Si3(V3-5)20070:h ~ Xipgy, = 0.

For each quadruple point, this is a nonlinear system of five equations in five unknowns (the
common value of A and the four fluxes).

In this section, a collection of numerical methods for solving this system of PDEs is developed.
These methods are designed to effectively handle the high order nonlinear terms in the lamella and
Plateau border thin-film equations, as well as provide a straightforward method for implementing
the coupled boundary conditions.

To motivate the choice of numerical method, consider first the case of a single lamella. There
are a variety of approaches for solving degenerate fourth order nonlinear equations, particularly
those that describe thin-film liquid dynamics whose solutions are positivity-preserving. Generally
speaking, they are split into two categories: thin-film equations on a flat Euclidean domain, and
thin-film equations on a curved surface. In the case of the flat Euclidean domain, more is known
about the convergence of numerical schemes, see for instance [119-121] that describe finite element,
finite volume and finite difference based schemes. These schemes satisfy discrete analogues of certain
energy integrals satisfied by the exact solution in the continuous setting, and these properties are
used to prove convergence of the numerical method [122]. Because these equations are fourth order,
special attention must be given to the time-stepping scheme, since an explicit scheme usually entails
a very restrictive time step condition required for stability. In [123]], semi-implicit methods and
convexity-splitting schemes that alleviate this problem are discussed. In particular, convergence
is proved for a semi-implicit biharmonic-modified forward time stepping scheme, based on the
Laplace-modified forward time stepping scheme introduced in [124]. For a specific class of fourth-
order nonlinear parabolic PDE:s, it is possible to prove that this biharmonic-modified time-stepping
scheme is unconditionally stable. The method also happens to be straightforward to implement, and
has been adopted here to time-step the lamella thin-film equation. Different time integrations can
also be obtained with dynamical systems approaches [125].
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For the case of solving PDEs on a curved surface, there are two main approaches: either explic-
itly representing the surface or implicitly representing the surface, each with their advantages and
disadvantages. In the first case, a typical method is to mesh the surface (e.g. as a set of triangles)
and use the finite element (see, e.g. [126]). Once a high quality mesh is generated, this approach is
straightforward to implement, but the disadvantage is that generating such a mesh can sometimes
be difficult to do automatically. In the second case, the surface in R? is implicitly represented as a
fixed level set of a function defined in R?, such as the signed distance function, and the solution
of the PDE (e.g. ) is extended off the surface into R? (see, e.g. [116, 117,127, 128]). This implicit
approach transforms the two-dimensional PDE on the surface to a full three-dimensional PDE, so
that methods based on regular Cartesian grids can be used, such as finite differences. However, one
must carefully consider how to solve the higher-dimensional PDE and assess the need for (possibly
frequent) reinitialisation/re-extension of the embedding function. Another influencing factor is that
the implicit approach is easiest when the surface is smooth and closed, whereas the explicit approach
easily allows for surfaces with boundaries.

In the case of multiply connected lamellae and Plateau borders, a finite element based method
appears to be the most natural approach. Once a high quality mesh is generated, flux boundary
conditions for the lamellae and Plateau borders can be incorporated more easily. However, the
coupling imposed by the boundary conditions must be considered. One approach is to implement
the flux boundary condition implicitly, but this requires solving a nonlinear system of equations for
each lamella and Plateau border at every time step. Instead, it was found that implementing the flux
boundary condition in an essentially explicit fashion, at the beginning of each time step, leads to a
much simpler implementation. Despite the mixture of semi-implicit methods (for the lamellae and
Plateau borders) and explicit methods (for the boundary conditions), it was found that the overall
scheme was in fact quite stable, and allows for relatively large time steps.

The overall method is as follows. Given the mesh, discretised film thicknesses for # and A are
defined on mesh vertices. In particular, Plateau borders, which correspond to the junctions on the
mesh where three lamellae meet, have multiple functions defined at the corresponding mesh vertices:
at least three # function values (for the three lamellae) and at least one A value. At a quadruple point,
there are six lamellae 7 function values and four A functions defined. These collocated function values
share information via the flux boundary conditions and quadruple point boundary conditions. With
this general picture in mind, the main algorithm for the drainage phase is:

1. Generate a triangular mesh of the set of interfaces (§7.2.1).

2. Interpolate A and # from the rearrangement phase to initialise A and # at mesh vertices at time
step zero.

3. Enter time step loop: for n = 0,1,...

(i) Solve the Plateau border boundary condition at each quadruple point to obtain Neumann
boundary conditions for each Plateau border (§7.2.2).

(ii) Calculate the flux Q, used as a boundary condition for the lamellae and as a source for

the Plateau borders (§7.2.3).
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Figure 7.3. An example of a triangular mesh generated automatically from the network of connected lamellae.
Individual lamellae are coloured differently and triangles meet consistently at junctions to form segmented line
curves at Plateau borders.

(iii) Solve for #"*! and A"*! for each lamella and Plateau border (§7.2.4/and §7.2.5)).

(iv) If a lamella becomes too thin, simulate rupture (§7.3) and terminate loop, otherwise
continue time stepping.

4. With the final thickness functions of the remaining lamella and Plateau borders, reinitialise
the rearrangement phase (§7.3)).

In the next set of sections, more details are given for these components and how they couple with
each other. Some remarks are then given on implementation and parallelisation, before turning to
some convergence tests which confirm the accuracy of the proposed algorithms.

7.2.1 Mesh generation

To automatically generate a mesh of the set of lamellae, the algorithm in Chapter[5|is used. The result
is a high-quality mesh such that triangles meeting at junctions (i.e. the Plateau borders) do so by
sharing common edges. In other words, each Plateau border is a set of connected line segments,
where each line segment is shared with three triangles from different lamellae. Figure7.3|illustrates
a typical mesh obtained by this algorithm. In practice, it was observed that the generated meshes
were always of good quality, with reasonable lower and upper bounds on the angles of the triangles.

7.2.2 Plateau border boundary condition

The boundary conditions at quadruple points are a set of nonlinear simultaneous equations
combining Dirichlet and Neumann boundary condition types. This boundary condition has been
implemented in an explicit fashion: viewed as a type of domain decomposition, the approach de-
couples the Plateau borders for a short amount of time at each time step. It was found that it is
possible to maintain first order accuracy (in time), as well as conservation of mass, by combining
both Dirichlet and Neumann boundary conditions in an alternating fashion, as follows.

Consider a specific quadruple point. On the mesh, the quadruple point is a single vertex which
has emanating from it four Plateau borders, which are four curves in space made up of line segments;
let i =1,2,3,4 index these Plateau borders. Let 1;, denote the value of the thickness function for
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Figure 7.4. Schematic of a quadruple point and the four Plateau borders emanating from it. Here, h; ¢ and h;;
are edge lengths and A; ; are thickness values at mesh vertices x; ;.

Plateau border i at the quadruple point, let A;; denote its value at the position at precisely one edge
length of size h; , away from the quadruple point, and let A, , denote its value two edge lengths away,
the second edge having length h; ; see Figure[7.4} Also let x; ; denote the position of the vertices, so
that x;9 = --- = x40 =: Xo. The strategy is to:

1. Use the valuesof A;; and A;,,i =1,...,4, together with the quadruple point boundary condi-
tion, to obtain a common value of A at the quadruple point;

2. Use A, to calculate fluxes A}, used as Neumann boundary conditions for the Plateau border
time stepping scheme;

3. Time step each Plateau border according to the finite element method described below (§72.5)
- in general, due to the decoupling, this yields different values of A, at the quadruple point at
the next time step;

4. Project these values onto a common value, in such a way that the total mass is conserved.

In essence, this strategy uses the quadruple point boundary condition to obtain flux boundary con-
ditions for each Plateau border in such a way to conserve the total mass in the system, at the expense
of obtaining discontinuities in A at each quadruple point after each time step. At the end of each
time step, this discrepancy is resolved via a projection procedure that conserves mass. Altogether,
the procedure leads to a first order accurate time stepping scheme that conserves the total mass of
liquid in the network of Plateau borders.

In more detail, by approximating the derivatives in with second order finite differences, the
quadruple point boundary condition, with common value A, leads to

4 1 JR— . JR— . PR .
Z %(\/5_ %)%Ulg |:/\z,1 Ao 4 hl,l(/\z,l /\0) + hz,o(Am A1,2)
i=1

hio hia(hio + hiy)
Here, g; is a second order approximation of the tangential component of gravity evaluated at the
quadruple point for Plateau border i, computed a¢’|

] ~Ajpgi=0.  (712)

s, (xi,l — X0 hi,l(xi,l - xi,O) + hi,O(xi,l - xi,z))
8i= &8 hio hi,l(hi,o + hi,l)

2The equation for g; may be viewed as calculating g -7 = & - %x(@) where £ is the arc length and x(¢) parameterises
the Plateau border.
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Equation (7.12)) reduces to a cubic equation, as follows. We seek a physical solution and so may
assume that 1y > 0. Letting z := \/A,, the summation in (7.12)) leads to the equation

C(a-bz*)-dz’ =0, (713)
where

C=3(V3-9)o,

4 Ain higdig+ hi,O(Ai,l - Ai,z)
“= Z:: f ’ hi,l(hi,O + hi,l)
41 1
b= — 4,
; h: 0 hi,O + hi,l
4
d=3 pg

If d = 0, there is exactly one positive solution of (713). If d # 0, it can be shown that if h; ; = (’)(h)
and h is sufficiently small, then there is exactly one positive solution of the same order as /\
practice, it was observed that an appropriate solution of the cubic equation could always be found
afterwhich the sought after solution to the quadruple point boundary condition is simply Ay =

Equipped with this value of Ay, flux values for each Plateau border can be calculated as the
summands in (7.12)):

1 1 /\il_AO hil(/\il_AO)'f_hiO(Ail_A’iZ)
1 _ )3 2 > 4 2 d : ¢ _ )2 i .14
2(\/g 2) O-AO hi,O + hi,l(hi,o + hi,l) Aopgz (7 )

iz

These values are used in the finite element method for advancing in time each Plateau border (see
below, §7.2.5), and since they satisfy }>; W; = 0, it follows that the (discrete) mass in the network of
Plateau borders is conserved (ignoring the source term S). After one time step of the finite element
method for each Plateau border, four not necessarily equal thickness values ;\;?’31 are obtained at the
quadruple point at time step n + 1. They are replaced via a simple projection:

4 Yn+l
X1 A o
1
i hio

n+l _
Ao =
This projection conserves mass since 3., A/ hio = ¥, Alg hig

7.2.3 Flux boundary condition

The flux boundary condition is calculated at the beginning of each time step, and used as a boundary
condition for the lamella thin-film equation, and as a source term for the Plateau border thin-film
equation. Consider a specific Plateau border, and let i = 1, 2, 3 index the three lamellae connected to
the Plateau border. At a mesh vertex x; belonging to the Plateau border, let #; ; and A; be the value
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of the thickness functions at that particular mesh vertex. Given these film thicknesses, a per-lamella
flux value is calculated with

on /2
Q- 4(A- 2 2 1)
AJ'
The sum of the three flux values defines the source term for the Plateau border:
3
i=1

Once calculated, the three flux values Q, ;, i = 1,2, 3, and the source term S; are used in the finite
element methods below.

7.2.4 Lamella thin-film equation

Let I denote the surface of a specific lamella. To describe the finite element method for solving
the thin-film equation, the time discretisation is first considered, followed by defining a suitable
variational form of the governing PDE and its discrete counterpart.

Time discretisation

Since is a fourth order, nonlinear parabolic PDE, any explicit time stepping scheme, such as
forward Euler, is likely to have a severe time step constraint required for stability, such as At = O(h*).
This would make the computation prohibitively expensive, and so implicit schemes are necessary.
The backward Euler method is not an appealing option either, since it leads to a fully nonlinear system
of equations to solve, the solution of which requires good initial guesses and/or many iterations, and
this again essentially requires small time steps. One might then consider a mixture, and apply an
implicit method only to the highest order term (i.e. V- ((")3V,Asn™*)) and keep all other terms
explicit, including the nonlinear terms. This method leads to a linear symmetric positive definite
system to invert at each time step, the matrix of which is a function of the nonlinearity. However, in
practice, this particular method was observed to be numerically unstable for large time steps.

A solution is to use a biharmonic-modified forward time stepping scheme. The scheme is derived
by applying forward Euler and adding a term of the form aA2(#"*! — #"), where « is a constant, and
for (7.7)), corresponds to the scheme

nn+1—f1”+a£A2( n+l n)_'_iv (O’( n)3v ((k2+k2) "L A n)+ ( n)3):O (717)
At 3u s\ Ul 3" Ul s\ + k) s pPgs \1 - W
Since A2(n™*! - y") is O(At) in magnitude, the addition of this term does not alter the convergence
rate of the forward Euler scheme - it will still be first order, and the error depends on the size of
a. For any a > 0, the scheme becomes implicit and leads to a symmetric positive definite system
of equations to solve at each time step, the matrix of which is a discretisation of I + Atas-AZ. By
choosing « large enough, it is possible to prove mathematically that the resulting scheme is stable
- see [[123] for a proof for a similar PDE. For the scheme (717)), a needs to bound #?; in this work,



CHAPTER 7. NUMERICAL METHODS FOR FOAM DYNAMICS 126

at each time step « is set to be @ = 2maxr 7. In addition, (717) is supplemented by boundary
conditions as given by (7.8), such that vV #"*!-v = 0 and

%(wvsAs(n”“ =" + o (") Vo((k + k)" + Ay™) + p g, (71”)3) v=Q(y",A") on T,
where v is the outwards-pointing unit vector orthogonal to oI and tangential to I'. Notice that the
flux boundary condition is a mixture of implicit and explicit terms that takes the same form as
the biharmonic-modified time stepping scheme; for the most part the flux boundary condition is
evaluated explicitly (at the current time step) with the « modification making it semi-implicit. This
form of the boundary condition is suitable for the finite element formulation used below.

Finite element method
The finite element method used here is based on the formulation and theory presented in [126] for

parabolic PDEs on surfaces.

Weak form. On a smooth surface, there exist analogues of the usual integration-by-parts formulas,

including
/VSf.ng:_[fAsg+/ fng'v,
r r ar

and, if f is everywhere tangential to the surface,

[ng-f:—[f-ng+/ gf-v.
T r or

By making use of the integration-by-parts formulas on the manifold, a suitable variational form of
the governing PDE is to find two functions # and p satisfying

frﬂt‘P:ifr(aﬂ3vs((kf+k§)’1+1’)+Pgs’13)'Vs¢ —faF¢Q-v, and

/;PW:_[FVSU'VSW’

for all test functions ¢ € C([0, T']; H(T)), v € HY(T'). This formulation introduces a second function
p satisfying p = A;n in the weak sense and creates a coupled system of equations to solve for both
n and p. This weak form requires less regularity on #, and this carries over to the discrete setting,
since then linear finite elements can be used for both # and p.

Discrete variational form. A finite element scheme using linear elements is as follows. The smooth
surface of the lamella is approximated by a triangulation 7}, such that I, = U7, t. The vertices (x;),
are assumed to lie on T so that I, is a Lipschitz continuous surface interpolating I'. Here, h denotes
the maximum circumdiameter of the triangles in 7;,. The error due to approximating the surface I
by the triangulation I, introduces an error that is no worse than second order as h — 0 [126]. Let
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Vi, be the linear finite element space consisting of all continuous functions defined on I, that are
linear when restricted to an element of 7j,. Let { x;} be the standard Lagrange basis functions so that
ifv eV, thenv =Y, v(x;)xi.

Using this finite element, together with the forward time stepping scheme, the discrete variational
form is as follows. Given 7", p" € V}, at the current time step, find #"*!, p"*! € V}, at the next time
step, such that

11n+1_}7n _ i n+l _ gny .
At ¢—“3ﬂﬁlvs{p p") -V
1
Ew fr Lo (")’ Vs(kn" + p") + pgs(n")’] - Vb

1 n n
) ath(W A", (7.18)

I

forall ¢ € V},, and
anW - _ f vsﬂnﬂ . vsW:
Iy Iy

for all y € V},. Here, g, and Q are defined to be the piecewise linear interpolant of their values defined
on mesh vertices (in the case of Q, they are given by (715))), while k is defined to be the piecewise
linear function whose value on mesh vertices is k? + k2; see later for additional remarks. This choice of
interpolation allows the integral quantities to be calculated with straightforward quadrature schemes.
In particular, many of the integrals reduce to the form of [ f>g where T is a triangle and f and g
are linear functions on T'. This in turn reduces to a function of the three values of f and g on the
vertices of the triangle, a closed form expression of which can be found by, e.g., symbolic computer
algebra.

The variational form leads to a linear solve for #”*! in the usual way, as follows. Let "' denote the
value of #™*! at vertex i, let M be the mass matrix defined by M;; = frh xixjandlet K = frh Vxi- Vi
be the usual stiffness matrix. Abusing notation and considering #"*! and p"*! as a vector in R”, we

thus require that
My"H-My" n
{ i =agKp™'+f, and (719)

At
Mpn+1 - _Knn+1’

where f = f(#") contains the explicit terms, i.e.

o 1 1
= o — \V/ n'v ‘+_f0. n3v kn+ n+ n3.v ‘__f n’An -
fi 3[/lfrh sP @i 34 Fh[ (n") 5( nw+p ) pg(1") ] NoF > thQ(ﬂ )®i
According to (719), it follows that p"*! = —-M~1K#"*1, however this requires inversion of the full mass
matrix. It is simpler and more efficient to make an approximation using instead the lumped mass
matrix, i.e. M = diag(M;;), and write p"*! = —-M'Kn"*!. Experiments indicated this approximation
did not alter the overall convergence rate of the finite element scheme. Eliminating p"*! from (7.19),

we obtain
(M + @A tZ KBK )™ = My" + Atf(n").
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This is a symmetric positive definite system for the unknown #"*!, whose matrix (left-multiplied by
M) approximates the operator I + aAt3-A?. To solve this equation, a simple Conjugate Gradient
method is used, although more sophisticated methods such as multigrid would lead to more efficient
solvers.

Additional comments

The curvature function k containing the principal curvatures k; and k, in is defined to in-
terpolate k7 + k3 at mesh vertices. To calculate the vertex values, we must calculate the principal
curvatures of the interface I' given implicitly by the function ¢ in the VIIM. By utilising the in-
dicator function y in the VIIM, it is simple to construct a signed level set function y whose zero
level set contains I'. Using this function, calculating k can be done with simple finite differences,
as follows. Note that n = Vy/|Vy/] is a normal vector field of I'. The gradient of n has eigenvalues
{0, k;, k,} and is related to the shape operator on I'. The mean curvature of I' can be calculated
with ¥ = k; + k, = V-n = tr(Vn). A similar relation can be used to calculate k, specifically that
k=kl+k= tr((Vn)z). This quantity is calculated at grid points using standard second order
finite differences, after which the grid point values are trilinearly interpolated onto the vertices of
the triangulation I, thereby yielding k at mesh vertices.

Similarly, the tangential component of gravity g, in is also defined to be the piecewise linear
interpolant of g; defined at mesh vertices. This in turn is calculated by using the same normal vector
field n that was used to calculate k above: specifically, using the same signed level set function v, the
normal n = Vy/|Vy/| is evaluated at grid points using standard second order finite differences. One
can then calculate g, = g — (g - n)n at grid points, and then use trilinear interpolation to define g,
on mesh vertices.

7.2.5 Plateau border thin-film equation

The numerical method for solving the Plateau border thin-film equation is similar to that used
for the lamella. An analogue of the biharmonic-modified forward time stepping scheme is adopted,
except in this case, it is forward Euler modified by a term of the form ad,,. Provided « is large enough,
this time stepping scheme is expected to be a stable, first order accurate time stepping scheme for the
second order nonlinear parabolic PDE. In addition, a finite element-based spatial discretisation has
been used, but since there is only one spatial dimension, this can also be viewed as a conservative
finite difference approximation.

Numerical discretisation

Let I' denote the curve of a Plateau border. In the triangulated mesh, T is approximated by a set
of connected line segments Sj, such that I, = U,.s, e. The vertices (x;)., are assumed to lie on T
so that I, is a Lipschitz continuous curve interpolating I'. Let V}, be the linear finite element space
consisting of all continuous functions defined on I, that are linear when restricted to an element of
Sp. Let { x;} be the standard Lagrange basis functions so that if v € Vj,, then v = 3, v(x;) ;.
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Using the analogue of a Laplace-modified forward time stepping scheme, the finite element
method is as follows. Given A" € V}, at the current time step, find A"*! € V}, at the next time step,
such that

An+1 _/\n L
f 2T ¢-= Ca f [—50—(\/3_ 1)1 (VA"9,A" + ade(A™ = A™)) + (A")Zpg,]a@
I, At u Jr,

" farh wo [ 59, (7.20)

for all ¢ € Vj,. Here, W is the Plateau border flux boundary condition that is derived from the
quadruple point boundary condition (as given by (714))), while S” is defined to be the piecewise
linear interpolant of the source term defined at the vertices given by (7.16]). The tangential component
of gravity is calculated on a per-edge basis, such that g, = g- 7 is piecewise constant. Finally, the
stabilisation factor used in the Laplace-modified forward time stepping scheme has been set to
« = 2maxy, /A", evaluated at the beginning of each time step.

Similar to the case of the lamella, the discrete variational form leads to a symmetric positive
definite system for A"*!. In fact, the associated matrix can be made tridiagonal if the Lagrange basis
functions are ordered by position along the Plateau border. However, despite the possibility of using
an efficient tridiagonal solver, a simple Conjugate Gradient method has again been used to solve this
system.

7.2.6 Implementation and parallelisation

The above finite element method is relatively straightforward to implement as it is almost identical
to a one- or two-dimensional finite element problem in flat Euclidean space, except the vertices of
the triangles/segments lie in R*. An unordered map (implementing a hash table) was used for the
main data structure, and maps a globally unique vertex identifier to the A and # values defined at
that vertex. The VIIM framework provides identifiers for each type of surface, for example a Plateau
border is the intersection of three different bubbles and can be identified by a 3-tuple of integers.
To parallelise the code, the inherent domain decomposition in the problem has been utilised:
each lamella and Plateau border is assigned in its entirety to individual processors in an MPI imple-
mentation. To do this, the cost of solving the symmetric positive definite systems was estimated for
each lamella and Plateau border (via a simple function of the number of mesh elements), and based
on this, a simple load balancing algorithm was designed so that each processor had approximately
the same amount of work to do, when possible. (For example, one processor might be responsible
for a single, large lamella, while another processor may have a few small lamellae and several Plateau
borders.) In this fashion, parallelisation has been greatly simplified since it is unnecessary to paral-
lelise the matrix equation solvers. Furthermore, synchronisation among processors is only necessary
for mesh vertices shared by multiple Plateau borders and/or lamellae. Such synchronisation is used
to determine the flux boundary conditions and quadruple point boundary conditions, and can be
performed with MPI’s global gather operations. It follows that the scaling efficiency of the overall ap-
proach depends heavily on the number and size of the lamellae and Plateau borders, and how this is
distributed to the processors. In the work presented here, this approach gave good parallel efficiency
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Figure 7.5. Geometry of the Plateau border convergence test, consisting of four Plateau borders meeting at two
quadruple points.

in most cases. An exception is when the drainage phase is applied to relatively few bubbles, in which
case many of the processors are idle. Usually, however, the computational cost of the macroscopic
rearrangement phase dominates the cost of the drainage phase.

7.2.7 Convergence tests
Plateau border

Here, convergence is tested for the numerical scheme that is used to solve the Plateau border thin-
film equations. A system of four Plateau borders meeting at two quadruple points is designed (as
shown in Figure [7.5) with the aim to test all aspects of the numerical scheme, including coupling
of solutions via the quadruple point boundary condition as well as surface tension and gravity. For
each Plateau border we have the evolution equations

0 ,L L
dhi + 9—(—%(%— 1)10A7 0k + Aipgin ) = Sin i=1,2,3,4, (7.21)
p o0t
which are coupled via the quadruple point boundary condition

i 3(V3-1)10M29,A - A2pgé, =0, (7.22)
M=Ad=A5= A4

at the two quadruple points.

Two different tests are considered: one in which an exact solution is constructed, and another
in which the solution is unknown and grid convergence is used. For the first case, an exact solution
of this system is designed by substituting known expressions for A;, A,, and A; into their respective
evolution equations, thereby determining S;, S,, and S;. The quadruple point boundary condition
is then used to find a cubic polynomial in € for A4 that has the correct value and derivative at each
quadruple point, and this in turn generates S;. Using the expressions for §;, the numerical method
is used to solve the system of PDEs, with the aim of recovering the exact solutions.

In more detail, consider the geometry shown in Figure[7.5| Here, Plateau borders number 1, 2,
and 3 are circular arcs of arc length 7 while Plateau border number 4 is a straight line of arc length 2.
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The parameterisation is such that € = 0 at quadruple point x,, and € = 7 or € = 2 at quadruple point
x;. Gravity points from the middle of Plateau border 4 to the middle of Plateau border 3. Let

Ao(8,t) =2+ cos(3L+ 1),
M(&6,t) =2+ cos(36+t)+3sind,
Aa(6,t) =2+ cos(3€ + t) + 3 sin2¢.

These were chosen to be nontrivial smooth solutions that are strictly positive for all time ¢. Using
the quadruple point boundary condition (7.22)), we can solve for both A;(¢,¢) and A;(¢,t) at £ =0
and ¢ = 2. For each point in time, these four values uniquely determine a cubic polynomial in ¢,
which is chosen to be the remaining solution A;(¢, t). This yields

J10) £, 20 )

CivV2+cost CivV2-cost Civ/2+cost
O Al

CivV2-cost Cijv/2+cost

As(8,t) =2+ cost+x —%x2(3cost—

+ ix3(2cos t—

where

Cl = %(\/5_ g)%o.a
fi(t) = pg(2+cost)® + CV2 +cost(9sint —4),
() = pg(2 —cost)*+ C;v/2 - cos t(9sint — 2).

Substituting the expressions for A, . .., A4 into we can find closed-form expressions of S, . . . , Ss.
These are too cumbersome to repeat here, but pose no problem when evaluating numerically. Now
we must choose specific values for the physical parameters, and we set 4 = 0 = p = g = 1. These
values were chosen to (i) make surface tension and gravity equally important effects for the purposes
of convergence tests, and (ii) guarantees that A, is strictly positive for all time ¢. Figure [7.6|(left pair)
illustrates the exact solutions A,, ..., A4 at a two example points in time.

For the numerical method, each Plateau border is discretised with #n equal sized line segments,
so that h ~ 7/n for Plateau borders 1, 2, and 3, and h = 2/n for Plateau border 4. The system of
PDE:s is solved using the method described in and the method to solve the quadruple point
boundary condition described in The error of the numerical solution is defined as

e, = max max Al — A1,
i=1,2,3,4 te[0,1]
i.e., the maximum error over all (discrete) points in time of all Plateau borders, measured in the
L? norm for p = 2 and p = oo, where A" denotes the numerical solution. To determine the order
of accuracy, two time stepping schemes are considered: (i) one in which At = 1/n o< h; and (ii)
At =32/n? < h?. The convergence results are shown in Table[72} and confirms our expectation that
the scheme is first order accurate in time and second order accurate in space.

For the second convergence test, the same Plateau border geometry and numerical discretisation

is used, and the case when §; = 0 for all time is investigated. In particular, the Plateau borders are
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Figure 7.6. (Left pair) Exact solution for the Plateau border convergence test at times ¢t =0 and ¢ = 2. (Right)
Numerical solution at time ¢ =10 for the case when S; =0 and A;(t =0) =1 for all i.

At o< h At o< h?
n €oo order e, order €oo order e, order
32 0.06374 - 0.05624 - 0.06374 - 0.05624 -
64 0.03212 1.0 0.02846 1.0 0.01597 2.0 0.01415 2.0
128  0.01612 1.0 0.01433 1.0 0.00400 2.0 0.00354 2.0
256 0.00808 1.0 0.00720 1.0 0.00100 2.0 0.00089 2.0
512 0.00404 1.0 0.00361 1.0 0.00025 2.0 0.00022 2.0

Table 7.2. Results for the Plateau border convergence test using a known solution.

initialised with a uniform thickness so that A; = 1 for all i at time ¢ = 0. In this case, the system (7.21)-
(7.22) conserves mass, i.e. % > fri A; = 0. Since the exact solution is unknown, grid refinement is
used to study convergence by defining

_ 2h _ yh
dy(h) = [max, max A2 = A7 |z

and then estimating the convergence rate by using ratios of d, with log,(d(2h)/d(h)). As before,
two time stepping schemes are considered: (i) At = 5/n oc h and (ii) At = 320/n? o< h%. The results
are shown in Table|7.3} and a plot of the solution at time ¢ = 10 is shown in Figure [7.6| (right). The
results indicate first order accuracy in time and second order in space. It was also confirmed that
mass of the discrete solution was conserved, independent of the grid size.

Atoc h At o< h?
n doo order d, order doo order d, order
64 0.01136 - 0.00308 - 0.01877 - 0.00482 -
128 0.00569 1.0 0.00119 1.4 0.00697 1.4 0.00141 1.8
256 0.00170 1.7 0.00038 1.6 0.00121 2.5 0.00031 2.2
512 0.00062 1.4 0.00016 1.2 0.00027 2.2 0.00008 2.0
1024  0.00028 1.1 0.00008 1.0 0.00007 2.0 0.00002 2.0

Table 7.3. Results for the Plateau border convergence test with unknown solution, using grid refinement.
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Figure 7.7. Time evolution of the exact solution for the lamella thin-film equation convergence test on a catenoid.

Lamella

Next, convergence is tested for the numerical scheme used to solve the lamella thin-film equations.
Two tests are performed: one in which an exact solution is manufactured, and another in which
the solution is unknown and grid convergence is used. In both cases, the lamella takes the shape
of a catenoid. This is a surface of revolution with constant (in fact, zero) mean curvature, which
has a nontrivial Gaussian curvature, so that k? + k3 varies in space. The surface is parameterised by
u€[0,2m) and v € [-2, 2] so that

x =coshvcosu, y=coshvsinu, z=v,

and is shown in Figure[77]
In the first test, an exact solution of the lamella thin-film equation is created by choosing # =
n(u,v) =1+ ;sin(u + t) cos(4nv/5) and calculating f such that

1 A
et 5,V (o V(K - k) + An) + pegen’) = f. (723)

This is supplemented by the implied flux boundary condition Q-v = Q that the exact solution satisfies.
A closed-form expression for f and Q is most easily obtained by using computer algebra software,
together with the curvilinear coordinate expressions for the surface Laplacian, etc. in the (u,v)
coordinate system. The result is too involved to repeat here, but poses no problem in evaluating
numerically. In the following, § = 2, and the parameters were chosen such that 4 = 1, 0 = 0.2 and
pg = 0.5. Altogether, this choice of exact solution # and parameters were designed to represent a
solution that is relatively smooth, with competing effects of gravity and diffusion, in such a way that
the numerics are nontrivial but still effectively examines convergence properties. (Different values
of parameters, solutions, and geometries were also tested, and results similar to the following were
obtained.)

A finite element mesh is generated for the catenoid based on a Cartesian grid dividing the
interval v € [-2, 2] into n equal sections and u € [0, 27r] into 27 equal sections. While the curvature
term k? + k? can be shown to equal 2 sech® v, we instead calculate this term numerically, using the
procedure outlined in §[7.2.4]based on a level set function whose zero level set coincides with the
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At o< h At o< h?
n h oo order e, order €oo order e, order
8 0.843 0.15422 - 0.27302 - 0.15422 - 0.27302 -
16 0.445 0.06780 1.3 0.11975 1.3 0.04255 2.0 0.07190 2.1
32 0.229 0.03631 0.9 0.06287 1.0 0.01139 2.0 0.01895 2.0
64 0117 0.01952 0.9 0.03263 1.0 0.00284 2.0 0.00482 2.0
128 0.059 0.01013 1.0 0.01663 1.0 0.00071 2.0 0.00121 2.0

Table 7.4. Results for the lamella convergence test using a known solution.

catenoid. In a similar fashion, the gravitational term g, is computed via the normal vector field, also
using a level set function and finite differences. Thus, in the following, we are testing the combined
effects of the finite element method and finite difference methods to calculate k? + k3 and g;. The
error in the computed solution #; is measured with

ep = max |y 1] r

for p = 2 and p = co. Two time stepping schemes are considered: (i) At = n/4n = O(h) and (ii)
At = 2n/n? = O(h?). The results are shown in Table 7.4/ and agree with our expectation that the
finite element scheme is first order in time and second order in space.

In the second test, the lamella thin-film equation is solved on the same catenoid, with Q = 0,
f = 0, and the initial condition 7(t = 0) = 1. In this example, the direction of gravity is chosen
to be § = §, and all other parameters identical to the previous test. The resulting evolution of film
thickness is shown in Figure[7.8 (computed using n = 128), and shows that the liquid drains in the
direction of gravity, but also collects in regions of high curvature. Since the solution is unknown,
grid refinement is used to measure convergence: defining the difference between solutions on two
different grid sizes as

dp = max |2 = 1o,

the convergence rate can be estimated with ratios of d,. For a time step At = 4/n*> = O(h?), the
results are given in Table([7.5/and show second order convergence.
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t=0.5 t=125 t=2

Figure 7.8. Evolution of film thickness on a catenoid with initially uniform thickness # =1 at time ¢ = 0 (gravity
points directly down). The white lines are contour lines of the thickness function #.

n h deo order d, order
16 0.445 0.06782 - 0.07931 -

32 0229 0.01344 2.5 0.02018 2.1
64 0117 0.00434 1.7 0.00665 1.7
128 0.059 0.00107 2.1 0.00161 2.1

Table 7.5. Corresponding to Figure 7.8} results for the lamella convergence test with unknown solution, using
grid refinement.
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Plateau border

Lamella removed .
ridge

Figure 7.9. (Left) Three lamellae meet at a Plateau border. (Right) After removal of the indicated lamella, the
associated Plateau border ceases to exist as well and what remains is a sharp ridge that will quickly smooth due
to macroscopic effects of surface tension.

7.3 Coupling drainage and rearrangement via rupture

In the drainage phase, the coupled system of thin-film equations are evolved until the minimum
lamella thickness falls below a critical threshold # < #yresnold- Rupture is then modelled as a three-
step process that couples the results of the drainage phase with reinitialising the rearrangement
phase. In the first step, the membrane which had minimal thickness is removed and the liquid mass
it contained is uniformly distributed around the Plateau borders it was once connected to. However,
once it is removed, the associated Plateau borders are no longer the intersection of three lamellae
and instead become ridges in adjacent lamellae, as shown in Figure[7.9] Hence, in the second step,
the liquid mass in these Plateau borders is locally “injected” into the adjacent lamellae, and this is
accomplished in the same process as reinitialising the rearrangement phase. In more detail:

(i) In the first step, liquid mass in the ruptured lamella is temporarily reassigned to the Plateau
borders. This is accomplished with a simple update of the appropriate Plateau border thickness
functions: let I, denote the lamella which has ruptured, and let {Tpg, } Y, denote the set of
Plateau borders (with thickness functions A;) that were on the boundary of I';. An adjustment
factor ¢ is computed with the formula

5= 2er n
S

and is used to update A; < A; + §. This update conserves liquid mass.

(ii) In the second step, the Lagrangian particle scheme described in is reinitialised with
the updated thickness functions # and A obtained from the final step of the drainage phase.
This uses an identical procedure to that used to re-seed the Lagrangian particle scheme: the
mesh elements used in the finite element formulation are used as locations to seed {#,} and
{A;} particles with thickness values obtained from the finite element solver. Such particles are
generated for all lamellae and Plateau borders which have not been removed by the rupture
event. Fictitious {A;} particles are also generated for the removed Plateau borders {Ipg, };
however these are immediately injected onto the adjacent lamellae. This is done by imagining
each of these particles to be a “ball of liquid” of finite radius, and collapsing this ball onto the
adjacent lamellae in such a way that mass is conserved. In this work, these balls were chosen
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to have radius i where h is the grid cell size, such that they have a radially symmetric density
that decays to zero at the boundary of the ball.

(iii) Finally, to complete the coupling between the drainage phase and rearrangement phase, the
VIIM is notified of the removal of a lamella by merging the two bubbles on either side of the
lamella. This is done with a simple update of the indicator function y used in the VIIM, which
re-identifies the two bubbles on either side of the lamella as now being the same, now larger,
bubble. The rearrangement phase can now be re-executed with new system of interconnected
interfaces and film thicknesses.

This procedure of reassigning mass from the removed lamella into adjacent Plateau borders,
which themselves are removed as their liquid mass is injected locally into remaining lamellae, pro-
vides a first approximation of the physical rupture mechanism. In actuality, the rupture process
occurs over a very short time scale and, depending on spatial scales and film thicknesses, can lead to
different behaviours, as studied in [90]. For the spatial scales and foam solutions considered in this
work, it is expected that the redistribution process implemented above provides at least a qualita-
tively accurate account of the rupture process. However, it would be ideal to consider more carefully
the effect of non-uniform rupture and how this affects redistribution of liquid mass. Such a study
could use, for example, a fully three-dimensional direct numerical simulation of the incompressible
Navier-Stokes equations for the liquid-gas system, and attempt to resolve the extreme scales of iso-
lated rupturing films, at least for the short amount of time it takes for rupture to occur. This could
be achieved with adaptive mesh refinement techniques, and is the subject of possible future work.

7.4 Results

In the previous set of sections, several numerical schemes have been developed for use in the re-
arrangement, drainage, and rupture phases of the multiscale model of foam dynamics. For each
of these phases, the corresponding methods have been designed to accurately solve the underlying
evolution equations, with the ability to couple to the other phases. Here, several results of the meth-
ods are presented. In the first set of results, individual components of the foam model are tested
and verified, demonstrating various physical mechanisms of the model. The entire system is then
coupled to study two problems exhibiting nontrivial foam dynamics that involve foam collapse via
bubble rupture cascades.

In all of these results, the physical parameters have been chosen to represent a typical soap bubble
foam: the density and viscosity of the liquid is similar to that of water, gravity is normal Earth gravity,
and the gas phase represents typical ambient air at room temperature. The precise values of the
physical parameters used in the following results are given in Table

7.4.1 Rearrangement phase

To demonstrate rearrangement and surface area minimisation, Figure|710/shows the effect of remov-
ing a specific lamella from a cluster which is otherwise in macroscopic equilibrium. After removal,
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Figure 7.10. A small cluster, initially in equilibrium, undergoes rearrangement due to the removal of a lamella
(orange) at time t = 0. (Top) Total surface area as a function of time. (Bottom) Evolution of cluster during
rearrangement.

surface tension drives the cluster into a new configuration, undergoing various topological changes
in the process. Figure (top) plots the total surface area as a function of time and shows that it
reaches a local minimum; the bottom figures illustrate how the “hole” made by removing the lamella
is filled-in, generating capillary waves as it does so, with 120° angle conditions satisfied throughout
the process, ultimately leading to an equilibrium where each lamella has constant mean curvature.

To test the accuracy of the Navier-Stokes solver, in Figure[7.11} numerical results are compared to
that of a bubble oscillation experiment by Kornek ef al. [95]. In this work, several high-speed movies
were captured of bubbles colliding and merging together; once merged, the resulting larger bubbles
oscillate due to effects of surface tension. One of these movies was used to determine the radii of
two slightly overlapping bubbles, as shown by the ¢ = 0 inset in Figure[711} Experimental parameters
quoted in were then used as parameters for the Navier-Stokes solver. In particular, the density of
the gas was quoted as 1.2 kg m~3, however the authors were uncertain as to precisely what percentage
of butane was contained in the gas mixture. It was found that better agreement between numerical
results and the experiment were obtained by slightly altering the density to 1.15kg m=3. Overall, the
numerical results illustrated in Figure [711{show good qualitative agreement with the experiment. It
is possible to more carefully analyse the results by measuring modes and frequencies of oscillation,
as well as dampening rates, as was done in [95], however this has not been considered here.

In the next example, the effect of rearrangement on changes in film thickness is demonstrated
by considering an oscillating soap bubble, as shown in Figure[712] A bubble with an initial shape of
an ellipsoid (semi-principal axes of lengths of 2 mm, 5 mm and 4 mm) is initialised with a uniform
lamella thickness of # = 0.3 um. Figure[712] (top) shows the evolution of the subsequent variations
in film thickness: areas where the bubble has “compressed” tend to increase in thickness, while the
thickness decreases near points of expansion. In Figure[712] (bottom), the same results are shown
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Simulation

Experiment

t=8ms t=12 ms t=18 ms t=24 ms t=105ms t =280 ms

Figure 7.11. Comparison of numerical results with experiment. Two spherical soap bubbles merge at ¢ =
0, subsequently causing surface tension driven oscillations that eventually lead to a larger spherical bubble.
Experimental results reproduced from [95] (by permission of IOP Publishing); numerical simulation uses identical
physical parameters and time scale, and was computed on a 64 x 64 x 96 grid.

0.55

t=0 t=2.3ms t=4.6ms t=6.9ms t=9.2ms t=11.5ms

Figure 7.12. Evolution of lamella thickness for an oscillating bubble. (Top row) Colours indicate thickness # of
the lamella and the white curves are contour lines of 4. (Bottom row) The same bubble oscillation visualised with
thin-film interference. Simulation computed on a 256 x 256 x 256 grid in a cubic domain of side length 20 mm with
periodic boundary conditions.
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Figure 7.13. Solution of the coupled lamella and Plateau border thin-film equations on a pyramid of four spherical
bubbles. Colours indicate thickness # of the lamellae and cross-sectional area A of the Plateau borders, the black
curves are contour lines of #, and (except for the top and bottom views) gravity points down.

using thin-film interference: constructive and destructive interference of reflected light, together
with variations in film thickness, lead to interference patterns (“rainbows”) seen in everyday soap
films. Here, the physically-based ray tracing rendering engine LuxRender has been used to
solve the Fresnel equations to obtain reflection, refraction, and thin-film interference effects. In
particular, the bubble has been globally illuminated by a beach scene: in the reflected image, one
can see two suns (from the front and back surfaces of the bubble), with the sky in the upper half.
Comparing the patterns with the film thickness shown in the top row, we can see there is a correlation
between film thickness variation and the interference patterns.

7.4.2 Drainage phase

In this example, liquid drainage in a coupled lamellae and Plateau border system is demonstrated.
Figure[713|shows a pyramid of four spheres with diameters 2 mm, forming a network of six lamellae
and ten Plateau borders. The lamellae are initialised at time ¢ = 0 with a uniform thickness of
n = 5um and the Plateau borders with uniform cross-sectional area A = 0.05mm?. Figure [7.13]
shows the thickness after draining for 16.1s. The effect of gravity is seen with the accumulation
of liquid at the bottom of the lamellae and Plateau borders, while the effect of the flux boundary
condition can be observed with the reduced thickness of the lamellae at the junctions. In the case of
the Plateau borders, the thickness profile has essentially attained an equilibrium: as the liquid drains
to the bottom due to gravity, the Plateau borders become thin at the top, thereby reducing the liquid
pressure, which in turn leads to a pressure gradient opposing the force of gravity.

7.4.3 Rupture and redistribution of mass

To demonstrate rupture and redistribution of liquid mass, in Figure[7.14} a cluster of bubbles with
non-uniform thickness has been draining, and the internal lamella separating the two front facing
bubbles ruptures immediately after time ¢ = 0. The liquid originally contained in the lamella, together
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Figure 7.14. Evolution during rupture. An internal lamella joining the two front facing bubbles ruptures and is
removed, leading to rearrangement of bubbles and varying film thicknesses.

with the Plateau borders it was once connected to, is locally distributed to the remaining lamellae,
as shown by the sudden increase in thickness. The system, driven by macroscopic rearrangement,
quickly moves into a new configuration.

7.4.4 Coupled rearrangement, drainage, and rupture

By assembling the complete physical system, the multiscale model can be used to predict the evolu-
tion of foam cluster dynamics, under the combined effects of rearrangement, drainage, and rupture.
This is demonstrated here with two foam collapse problems.

The first example serves to highlight how foam dynamics can crucially depend on the interaction
between the three phases - in other words, while the drainage phase determines which lamellae are
ruptured, both the rupture phase and rearrangement phase contribute significantly to this process
as well, through nontrivial transport of membrane liquid. To motivate the design of this example,
suppose that the lamellae start with a uniform thickness of 7,. As seen in the drainage example in
Figure[713] it is often the case that as lamellae drain over time, a boundary layer in their thickness
develops near the Plateau borders, due in part to the flux boundary condition. Scaling arguments
(see applied to the lamella thin-film equation together with the flux boundary condition,
suggest that the width of the boundary layer after a fixed amount of time is (’)(11})/ 2)&3)/ *), where 1, is
a typical thickness of the Plateau border. For typical film thicknesses and drainage times, the length
predicted by the scaling is on the order of 0.1 mm, and this was confirmed by numerical tests, as is
the result that Plateau borders tend to have the same order of magnitude thickness across the entire
network. It follows that for a cluster of bubbles which initially have the same lamellae thickness, all
lamellae drain at approximately the same rate, and thus those bubbles smaller than the boundary
layer will thin more rapidly and rupture first.
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Figure 7.15. Results of the coupled multiscale model for a cluster of bubbles attached to a membrane. In the
top-left frame, a side-view of the initial configuration is shown, using semi-opaque lamellae and emphasising the
Plateau borders, to highlight the 3D structure of the results. In the rest of the frames, a top-down view is given,
showing the lamellae film thickness #, corresponding to the indicated colour scale. The background membrane
absorbs some of the drainage, but is chosen not to rupture. As the system evolves, rupture events can be identified
by the localised increases in lamellae thickness.

To demonstrate this behaviour, and how it effects rearrangement of bubbles, an example is shown
in Figure[715] A cluster of 17 bubbles is suspended by a membrane, so that bubbles protrude below
and above the membrane. This configuration was designed in order to make the rearrangement
simpler to visualise with a top-down perspective. The cluster has a range of bubble sizes, from 0.1
to 0.5 mm in diameter, and at time ¢ = 0 is initially in equilibrium, such that each lamella has a
uniform thickness of 10 ym, and each Plateau border a uniform cross-sectional area of 0.002 mm?.
After draining for a time of 182 ms, some of the smallest lamellae rupture in quick succession. As this
occurs, adjacent bubbles grow in size and increase in thickness. Initially, much of the rupture events
are associated with the smaller lamellae, but because rupture effects the macroscopic dynamics of
the bubbles, in some cases, larger lamellae rupture due to membrane stretching. On this small spatial
scale, the rearrangement phase typically takes 0.1 ms to equilibrate, while drainage steps takes tens
of milliseconds. The results show how a nontrivial sequence of rupture events is obtained, and
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how bubble rearrangement affects rupture events, both locally and globally, due to changes in film
thickness and macroscopic hydrodynamics.

Finally, in the last example, Figure[7.16|shows the results for a larger cluster of 27 bubbles with a
typical bubble diameter of 3 mm. In this example, a cluster starts in macroscopic equilibrium with
a uniform lamellae thickness of 1 ym, and each Plateau border a uniform cross-sectional area of
0.05 mm?. Compared to the case in Figure[715} in this example the typical bubble size is much larger.
As a result, the rupture of a single lamella can have a greater impact on the global dynamics. We see
this in Figure[7.16| - after draining for 6.3 s, a single lamella ruptures, and this causes a rapid collapse
of the entire structure.

7.5 Concluding remarks

In this chapter and the previous, a multiscale model of the dynamics of a foam has been developed,
permitting the study of the effects of fluid properties, topology, bubble shape, and distribution, on
drainage, rupture, and rearrangement. Several numerical methods were developed to accompany
this model, ranging from Lagrangian-based schemes for transporting film thickness during rear-
rangement, to biharmonic-modified finite element methods and techniques for treating the coupled
boundary conditions in the system of thin-film equations in the drainage phase. Using two foam
collapse problems, it was demonstrated how rupture, liquid drainage, and gas hydrodynamics each
affect one another on both local and global scales.

Both the scale-separated model and the underlying numerical algorithms are general enough to
allow extension of the physics at individual scales to include other phenomena. For example, some
types of surfactant solution give rise to films with long lifetimes. In such films, disjoining pressures
and van der Waals force can be important in liquid drainage and rupture initiation; these additional
physics can be modelled by adding extra terms to the thin-film equations. Diffusive coarsening,
which can also be important for long lifetime foams, could be added by generalising the thin-film
equations to allow slow movement of the membranes, using equations similar to those derived in
[103]. In other types of surfactant solution, mobile/stress-free boundary conditions at the liquid-gas
interface are more appropriate than the no-slip boundary conditions used here [106, (108, 130]]. In
principle, it is possible to derive different thin-film equations on the curved lamellae, taking into
account these boundary conditions. In so doing, it is expected that this would lead to coupled PDEs
for film thickness evolution: one for the film thickness, which is coupled to a second equation for
the tangential velocity field of the liquid inside the membrane. Similar approaches may also allow
surface viscosities, evaporation dynamics, and heating of a foam to be modelled.

Additional future work could include more detailed considerations of some of the assumptions
made in this model. For example, in the macroscopic rearrangement phase, the films were idealised
as massless and infinitely thin, so that the liquid was essentially passively advected by the gas dynam-
ics. Thus, inertial and viscous effects of the liquid inside the films were neglected. Some experimental
studies indicate that such effects can dampen the motion of the films. In the work of [95], several
experiments were performed which indicated that the dampening rate for soap bubble oscillations
is 40%-60% faster in practice, compared to small-scale perturbation theory and numerical experi-
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Figure 7.16. Collapse of a foam cluster, visualised with thin-film interference.
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ments. Nevertheless, the frequency of oscillation of the experimental data matches theoretical and
numerical predictions. To address the difference in dampening, it may be possible to suitably modify
the surface tension force in Navier-Stokes, and/or the local viscosity of the gas, to take into account
these inertial effects.
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Chapter 8

Summary and Future Directions

A central theme in this work has been in the study of multiphase problems, including multiphase
curvature flow and multiphase incompressible fluid dynamics, generating high-quality meshes for
interconnected surfaces, and multiscale modelling of rupture dynamics in foams. While several
new models and numerical methods have been developed here, a main contribution is that of the
Voronoi Implicit Interface Method. The VIIM provides a general purpose and flexible method
for tracking the evolution of multiple interacting interfaces. It can be coupled to geometry and
physics, automatically handles topological changes in the interface, works in any number of spatial
dimensions, and is accurate, robust, and efficient.

Recall the core idea of the VIIM: the motion of surfaces nearby to the interface determines the
motion of the interface itself. These nearby surfaces are defined as the e-level sets of the distance
function to the interface, and the interface motion is reconstructed from the motion of the e-level
sets using the Voronoi interface. Thus, the speed of the interface is in some sense the “average”
speeds of the nearby e-level sets. This property leads to several advantages. For example, since the
neighbouring surfaces can move under quite general speed laws (as we saw in the theory of level set
methods in Chapter [2), the VIIM provides a natural method for determining the motion of triple
junctions under these speed laws. In the case of curvature flow, this naturally leads to triple point
angle conditions that are observed in a range of physical systems, such as foams and grain growth.
As was shown in many convergence tests and applications, defining the motion of the interface in
this manner leads to a interface tracking method that accurately evolves junctions in space and time.
Furthermore, the VIIM idea also leads to a type of regularisation: in the case that speed laws are
discontinuous across the interface (as they were, for example, in curvature flow with constraints,
or specifying different curvature coeflicients, or even in some sense during topological changes in
surface tension driven fluid flow), the VIIM regularises the motion by averaging the speed laws
across the interface.

Several possibilities exist for future work involving the VIIM, such as developing a mathematical
theory for multiphase interface evolution and in designing advanced numerical methods to further
increase its accuracy. In addition to further work on multiphase fluid flow problems, there are also
several multiphase problems that have not been considered here, which the VIIM could be applied
to. We conclude by discussing some of these possibilities.
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Mathematical theory of the VIIM

The basic mathematical formulation of the VIIM is to find an e-smoothed solution given by

¢ = lim (VeoEn)"(¢o),

At—0,n—00

and then take the limit as € — 0" to find
¢€:0+ = llm ¢6’
e—~>0*

where V, is the operator which reconstructs the unsigned distance function from the e-level sets
using the Voronoi interface, and E,; is the evolution operator which evolves the e-level sets for a
single time step At. The numerical tests in Chapter 3| suggest that ¢, is well-defined, and so is the
limit as € - 0*. Clearly, it would be worthwhile to develop a mathematical theory to accompany
these numerical results. From a mathematical perspective, key questions to ask include:

« Under what conditions does the VIIM coincide with the theory of surface evolution via level
set methods in the case of only two phases? For example, in the “figure 8” problem considered
by Evans and Spruck [[131], for curvature flow in the level set method, the zero level set “fattens”
and develops a non-empty interior. In the VIIM, with the same initial condition and speed
law, the interface will not fatten. Although this particular scenario is widely considered as
pathological in the practical application of interface tracking methods, it is nevertheless of
interest in a theoretical setting.

o Are there statements similar to the comparison principle in level set methods for multiphase
flow? The comparison principle is a key result in proving various well-posedness properties of
surface evolution problems using the level set method. Finding an equivalent in multiphase
problems is subtle, essentially due to the inherent coupling at junctions.

o What requirements are there on the speed laws that ensures the € - 0* definition leads to a
well-posed definition of interface evolution?

This is the subject of ongoing research.

Numerical methods for the VIIM

The convergence tests in Chapters[3Jand 4showed that, generally speaking, the VIIM converges with
first order accuracy in space and time. In this Eulerian framework, first order accuracy at junctions
is basically the best one can hope for. Thus, to increase the accuracy of the VIIM, methods using
adaptive mesh refinement may be useful. In such an approach, the computational grid would be
refined around junctions, while smooth interfaces away from junctions could continue to use a
relatively coarse grid. Since junctions are codimension-two surfaces, the amount of refinement is
minimal. However, by introducing smaller space scales, smaller time scales may also be needed
for stability reasons. Since using a small time step everywhere in the domain could be prohibitive,
techniques based on “sub-cycling” time could be used [132].
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From a high level point of view, the VIIM moves a multiphase interface with the following
formulation:

1. Advance the e-level sets (defined as sets a distance € away from the multiphase interface), for
one time step.

2. Redefine the interface at the next time step as the Voronoi interface of these e-level sets, and
loop to 1.

In this work, techniques based on level set methods and finite differences were used to implement this
scheme. Note however that these steps may be approximated using a host of numerical technologies,
such as finite element methods, semi-Lagrangian techniques, and front tracking methods. Different
approaches may lead to different features, and this is worthy of investigation.

Future applications

Several potential applications of the VIIM include:

o Statistics for Navier-Stokes driven diffusive coarsening. Gas diffusion across permeable mem-
branes in a dry foam leads to diffusive coarsening (sometimes referred to as Ostwald ripening),
in which the gaseous regions change volume over time, similar to multiphase curvature flow
(Figure3.15). To study the long-time statistics of this effect, multiphase curvature flow in 2D
and 3D is often used, for example in the computational studies in [37-39]], as well as statistical
relations derived in [96]]. Multiphase curvature flow is a good approximation of diffusive coars-
ening when the gas dynamics are negligible. It would therefore be interesting to investigate
how full surface tension-driven Navier-Stokes dynamics affect coarsening statistics (similar
to Figure[4.11), especially when inertial and viscous effects balance or overpower permeability.
Two-dimensional dry foam coarsening results with Navier-Stokes were partially studied in
(17]. Here, the VIIM provides an opportunity to study this effect in generality in both two and
three dimensions.

o Multi-region image segmentation. In a similar fashion, the application of the VIIM to multi-
region image segmentation is also worthy of investigation. A common method to perform
image segmentation is to evolve the boundary of different regions, again by minimising certain
energy functionals, in such a way to identify objects and their boundaries in a digital image.
Dubrovina and Kimmel [133] have made preliminary investigations into using the VIIM for
this purpose and tested simple two-dimensional image segmentation problems. Using the
same techniques, three-dimensional image segmentation could also be performed on a range
of image segmentation problems.

o Grain growth in materials design. Many metal and ceramic materials exhibit “grains’, i.e. re-
gions of different crystal orientation or alignment. The geometry and evolution of the grains
is often crucial in determining overall material properties, such as strength, resistance to cor-
rosion, ability to fracture, magnetism, etc. Depending on external factors such as temperature,
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the grain boundaries move in order to reduce their interfacial energy. For example, in a sim-
ple model of grain growth, grains move to minimise their total surface area. This leads to
curvature flow with triple junctions satisfying 120° angle conditions - an example was shown
in Figure In this simple case, a variety of numerical approaches are available to model
multiphase curvature flow, such as diffusion generated motion and phase-field methods. How-
ever, in complex grain growth problems, more complicated laws of motion are needed, such as
taking into account the “roughness” of grain-boundaries that can slow grain movement [134].
When more complex laws of motion are specified, existing numerical methods become more
difficult to apply. Here, the flexibility of the VIIM provides a unique opportunity to solve this
problem, with the potential to model complex grain growth.

Finally, in regards to the multiscale model for foam dynamics, several possibilities exist for extending
the model to include additional physics. Some of these were discussed in the conclusions of Chapter
Additional possibilities include:

o Three-dimensional simulations of topological changes and rupturing films. The dynamics of
topological changes, such as a T1 event in a two-dimensional foam shown in Figure [4.7]and
Figure|7.2} have received relatively little attention [97]. It would be worthwhile to study such
topological changes using a fully three-dimensional numerical simulation that attempts to
resolve the extreme scales, including film thicknesses. This would entail studying the dynamics
in a small spatial window and using adaptive mesh refinement techniques. The results would
give a better indication of how liquid mass inside the film is redistributed as a result of the
topological change, and this could be used to develop quantitative models to be coupled to the
multiscale model. In a similar fashion, the rupturing of a film as it retracts back on itself could
also be modelled by resolving the scales (and again using adaptive mesh refinement). The
results could be compared to models using asymptotic arguments and also be incorporated
into the multiscale model.

o Foams in contact with walls. In the multiscale model, the foam was assumed to be isolated
and not in contact with the wall of a chamber. When Plateau borders are in contact with a
fixed wall, their cross-sectional shape changes. In principle, this could be incorporated into
the model by using a different value for the coefficient C, in the thin-film equations for these
Plateau borders. However, modelling the slip of lamellae and Plateau borders in contact with
walls may require carefully constructed contact-angle models and slip boundary conditions.
This could also be studied in the context of the multiscale model of foam dynamics.
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